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ABSTRACT 

The determination of bed shear stress plays a pivotal role in understanding the fluid dynamics in both 
natural and engineered channels. The commonly employed logarithmic law provides a mathematical 
formula to compute the bed shear stress in open-channel flows. However, its applicability in flow 
through transition remains relatively unexplored. In this study, laboratory experiments were conducted 
on smooth-to-rough (STR) and rough-to-smooth (RTS) transitions in an open-channel flume under 
different composite water surface profiles. The velocity field was measured along the channel 
centerline using a particle image velocimetry (PIV) system. The bed shear stress was determined from 
the measured velocity profile and water depth using various methods. The primary objective was to 
investigate the effects of bed roughness and water surface profile on the variation of bed shear stress in 
gradually varied flows through the transition. It was found that the evolution of bed shear stress was 
related to both water surface profile and bed roughness. In both RTS and STR transitions, the bed 
shear stress adjusted to the new bed condition almost immediately even though the velocity profile 
away from the bed was still evolving. Unlike external and close-conduit flows, however, the bed shear 
stress in free-surface flows was also affected by the local water depth and thus the composite water 
surface profile created by the channel transition. The bed shear stress development closely followed 
the variation in local water depth, ultimately reaching equilibrium condition when the flow depth 
became uniform. It was also found that the choice of displacement height of the mean velocity profile 
played an important role in determining the bed shear stress on a rough bed using the logarithmic law, 
and thus the development of bed shear stress in STR transitions.  
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1. INTRODUCTION 

Flow over a sudden change in surface roughness has been studied mostly in external (e.g., atmospheric 
boundary layer) and close-conduit (e.g., wind tunnel) flows. A recent literature review can be found in 
Kadivar et al. (2021). When a flow encounters a sudden change in surface roughness, an internal 
boundary layer (IBL) will start at the roughness transition and grow outward from the wall with 
distance downstream. If the surface downstream is of sufficient length, a new fully developed 
turbulent boundary layer will eventually be established. Previous studies have shown that the wall 
shear stress would attain its new equilibrium value almost immediately, but flow quantities outside the 
internal boundary layer are determined by conditions before the transition and will change only 
gradually with distance downstream. In a rough-to-smooth (RTS) transition, for example, 
experimental and numerical studies have found that the wall shear stress would be underestimated if 
determined from the mean velocity profile measured outside the internal boundary layer using the 
logarithmic law (e.g., Antonia and Luxton, 1972; Loureiro et al., 2010; Li et al., 2019).  

Free-surface flows with a sudden change in bed roughness are much less well understood compared 
with external and close-conduit flows. Chen and Chiew (2003) measured the mean velocity, 
turbulence intensity, and Reynolds stress profiles in an open channel with a sudden change from a 
smooth bed to a rough bed. They determined the bed shear stress and equivalent bed roughness by 
fitting the logarithmic law to the measured velocity profile. They found that the equivalent roughness 
height and bed shear stress increase gradually and take a transitional length of approximately five to 
six times the flow depth to reach the equilibrium condition downstream. Lee (2018) modeled the 
laboratory experiment by Chen and Chiew (2003) using the computational fluid dynamics (CFD) 
model OpenFOAM. His numerical results show a sharp increase in bed shear stress after a sudden 
transition in bed roughness in contrast to the experimental data by Chen and Chiew (2003). He 
suggested that the logarithmic law may not be used to compute the bed shear stress under transitional 
flow condition because the velocity profile outside the IBL is not in equilibrium. Most recently, 
Rathore et al. (2022) measured the turbulence characteristics due to a sudden change from a smooth 
bed to a rough bed in open-channel flow using a particle image velocity (PIV) system. They found that 
the Reynolds stress and turbulence intensity increase with streamwise distance on the rough bed. They 
estimated the bed shear stress by extending the measured Reynolds stress distribution to the bed 
surface. They concluded that the bed shear stress does not change abruptly at the roughness transition. 
In both Chen and Chiew (2003) and Rathore et al. (2022), the flows were subcritical and the bed 
transitions were from smooth to rough (STR).  

Figure 1.1 shows the types of composite water surface profiles that can develop near a channel 
transition. The different scenarios are often described in hydraulic engineering textbooks for two 
channels that are identical except for the slope (e.g., Akan, 2006), but the same flow conditions can 
also be produced by a sudden change in bed roughness. Five different cases (A to E) can be 
distinguished. When channel 1 is “mild” and channel 2 is “steep,” an M2 curve will develop before the 
transition and an S2 profile will occur in channel 2 (case A). However, if channel 1 is “milder” and 
channel 2 is “mild” the water surface profile will change immediately from an M2 curve to uniform 
depth at the transition (case C). Because the flow velocity adjacent to the bed must constantly adjust to 
the growth of the internal boundary layer, while the flow depth varies according to the water surface 
profile, the evolution of velocity profile and bed shear stress downstream of a sudden change in bed 
roughness will be related to both the bed roughness and water surface profile. In both A and C cases, 
the flow velocity adjacent to the bed will increase after the transition due to the sudden decrease in bed 
roughness. While the flow velocity near the free surface must decrease in case C to maintain 
conservation of mass in a uniform depth, it may not happen in case A because the flow depth also 
decreases in channel 2 due to the S2 profile. Therefore, the evolution of velocity profile and bed shear 
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stress downstream of a sudden change in bed roughness is more complicated in open-channel flows 
than in external or close-conduit flows without a free surface. 

 
Figure 1.1 Composite water surface profiles in open-channel flows 

 

 

 

 

 

 

 
 
  

The presence of composite water surface profiles involving both subcritical and supercritical flows 
produce flow conditions that are absent in external and close-conduit flows. In this study, laboratory 
experiments were conducted on smooth-to-rough (STR) and rough-to-smooth (RTS) transitions in an 
open-channel flume. The velocity field was measured along the centerline of the flume from upstream 
to downstream using a planar PIV system, and the bed shear stress was determined from the measured 
velocity profiles and water depths using various methods. The measured data were used to study the 
evolution of mean velocity profile and bed shear stress through the roughness transition. 
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2. EXPERIMENTAL METHODS 

2.1 Hydraulic Flume 

The experiment was conducted in an A-8 hydraulic flume manufactured by Engineering Laboratory 
Design (ELD). The working channel was 0.15-m wide, 0.3-m deep, and 1.825-m long fabricated of 
13-mm thick clear acrylic. The channel slope was continuously adjustable from 0% to 12% and 
measured using a digital inclinometer with a precision of ±0.1%. The flow was delivered by a 0.5 HP, 
1,750 RPM centrifugal pump with a maximum capacity of 5 L/s. The discharge was regulated by a 
gate value and measured using an orifice meter. Flow depth was controlled by a manually operated 
tailgate and measured using a point gate with a precision of ±0.1 mm. Perforated metal screens and 
flow straighteners were installed in an entrance section before the working channel to dampen flow 
disturbances.  

 

 
Figure 2.1 A-8 hydraulic flume (top plot) and setup of PIV system (bottom plot) 

2.2 Particle Image Velocimetry (PIV) System 

The PIV system was manufactured by TSI Incorporated. The system had been described in Ting 
(2006). Calibration of the PIV camera was conducted before the experiment at each measurement 
location by placing a calibration target (Figure 2.2) in the laser light sheet plane. An image of the 
calibration target was taken, and the calibration factor was determined by measuring the distance in 
pixels between the marker points. The field of view (FOV) was made parallel to the bottom by 
adjusting the slope of the camera mount before the experiment. The dimensions of the FOV changed 
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with the flow depth measured and varied from 12 mm × 12 mm to 28 mm × 28 mm. The 
corresponding image resolutions were about 12 and 28 µm/pixel, respectively. 

 

 
Figure 2.2 PIV calibration target 

The flow was seeded with titanium dioxide particles (specific gravity 4.2, mean diameter 3.5 µm) and 
illuminated using a New Wave Dual Nd: YAG laser (120 mJ/pulse) operated in double pulse mode. 
The repetition rate was fixed at 10 Hz, but the time interval between straddled frames was varied 
based on the flow velocities measured to maximize the spatial resolution and minimize the 
measurement uncertainty. The laser was mounted on top of the flume. A light sheet about 1-mm thick 
was created using a cylindrical lens and a focusing lens mounted on the laser head. A first surface 
mirror mounted in front of the laser (Figure 2.1) re-directed the light sheet downward through the 
water surface to illuminate the measurement area in front of the PIV camera (model PIVCAM 10-30, 
resolution 1,000 × 1,016 pixels), which viewed the light sheet through the side wall of the flume. The 
camera was equipped with a 105-mm/f2.8 Nikon lens. In some experiments, two 14-mm extension 
rings were also mounted on the camera to capture the velocity field close to the bed, as required. 

After steady flow was established, either 200 or 300 pairs of PIV images were taken at a repetition rate 
of 10 Hz, which resulted in 20 or 30 s of velocity measurements. corresponding to 20 or 30 s of 
velocity measurements. This was performed three or four times at an interval of about 15 minutes. The 
process was then repeated at other measurement locations. PIV image processing was conducted using 
the INSIGHT 4G software by TSI. The interrogation region dimensions were 128 pixels by 32 pixels 
with a 50% overlap. The highest spatial resolution achieved in the measured vector field was about 0.8 
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mm in the 𝑥𝑥 (streamwise) direction and 0.2 mm in the 𝑦𝑦 (vertical) direction, which allowed velocity 
measurements to be made down to the buffer layer on the acrylic bed. Because of the laser reflection at 
the free surface, the fluid velocity field measurements were confined mainly to the lower half of the 
water column. Laser illumination over the measurement area was not always uniform due to the 
motion of the free surface. Background image subtraction was used to increase the signal-to-noise 
ratio of the PIV images. In addition, ensemble correlation processing (INSIGHT 4G User’s Guide, 
2019) was employed to combine all the images in the same experiment run to create a single vector 
field representing the time-averaged or mean velocity field. The number of spurious vectors in the 
ensemble correlation vector fields was typically less than 5%. A global range filter was used to 
remove spurious vectors, followed by vector validation using the local median. Missing vectors were 
replaced with neighboring mean values, but no smoothing was performed. Due to the PIV camera’s 
small FOV, the different vector columns in the validated vector fields were averaged to produce a 
single velocity profile at each measurement location to determine the bed shear stress. The averaging 
process helped to reduce noise in the measured velocity profile. 

The uncertainty in the measured velocities were estimated as 𝛿𝛿𝛿𝛿/𝛿𝛿𝛿𝛿, where 𝛿𝛿𝛿𝛿 is the uncertainty in the 
water particle displacement and 𝛿𝛿𝛿𝛿 is the time interval between straddled frames. PIV correlation peak 
displacement may be assumed to be accurate to within 1/10th of a pixel (Kiger, 2015). At the lowest 
image resolution of 28 µm/pixel and smallest 𝛿𝛿𝛿𝛿 of 250 µs, the measured velocities were resolvable to 
about 1 cm/s, which is much smaller than the velocity measured at the closest distance from the bed.  

Only the mean velocities could be obtained by ensemble correlation processing. To obtain the 
turbulence velocities for calculating the Reynolds stress, traditional (classic) PIV processing was also 
performed on the PIV images in the flow-through-roughness-transition experiments. The 
instantaneous vector field (𝑢𝑢, 𝑣𝑣) was determined at each time step, followed by vector validation as 
described above. The measured vector fields were then examined individually in Tecplot to assess the 
data quality. Tecplot displayed the choice code in flood contours together with the velocity vectors. A 
screening process was then performed following the criteria described in the INSIGHT 4G User Guide 
(2019). Vectors with a choice code from 1 to 4 were considered valid vectors. Velocity fields with 
most choice codes (over 95% of the vectors) falling between 1 and 4 were accepted. Conversely, 
velocity fields with less than 95% of choice codes between 1 and 4 were rejected. Typically, out of an 
initial set of 900 vector fields at each measurement location, only a few hundred were suitable for 
further analysis. The average of all selected vector fields represents an ensemble or time average 
(𝑢𝑢� , 𝑣̅𝑣), which was subtracted from the individual velocity fields to give the turbulent velocity fields 
(𝑢𝑢′, 𝑣𝑣′). The turbulence intensities �𝑢𝑢′2, 𝑣𝑣′2� and Reynolds stress 𝑢𝑢′𝑣𝑣′, and their ensemble averages 
�𝑢𝑢′2����, 𝑣𝑣′2����� and 𝑢𝑢′𝑣𝑣′������ were then computed. The results were averaged over all the vector columns to 

produce a single profile for �𝑢𝑢′2����, 𝑣𝑣′2����� and 𝑢𝑢′𝑣𝑣′������ for the entire measurement area.  

2.3 Determination of Bed Shear Stress 

The bed shear stress was determined using four different methods. For uniform flows, the bed shear 
stress can be computed from the measured water depth and channel slope (depth-slope method) as 
follows: 

 

 

                                  𝜏𝜏𝑏𝑏 = 𝜌𝜌𝜌𝜌𝑅𝑅𝑏𝑏𝑆𝑆                                             (1) 
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where 𝑅𝑅𝑏𝑏 is the bed related hydraulic radius calculated by employing the sidewall correction method 
of Cheng (2011), and 𝑆𝑆 is the channel slope. The equations for finding 𝑅𝑅𝑏𝑏  can be found in Ting and 
Kern (2022) and are given as follows. 

 

 

                              𝑅𝑅𝑏𝑏=𝑓𝑓𝑏𝑏
𝑓𝑓
∗ 𝑅𝑅ℎ                                        (1a)  

                            𝑓𝑓𝑏𝑏 = 𝑓𝑓 + 2ℎ
𝑏𝑏

(𝑓𝑓 − 𝑓𝑓𝑤𝑤)                              (1b) 

                              𝑓𝑓 = 8𝑔𝑔𝑅𝑅ℎ𝑆𝑆
𝜈𝜈

                                              (1c)                                         

                             𝑓𝑓𝑤𝑤 = 31 ∗ ln �1.3∗𝑅𝑅𝑒𝑒
𝑓𝑓

�
−2.7

                       (1d)   

where 𝜌𝜌 is the fluid density, 𝜈𝜈 is the kinematic viscosity, 𝑔𝑔 is the acceleration of gravity, 𝑓𝑓𝑏𝑏 is the bed 
related friction factor, 𝑓𝑓𝑤𝑤 is the friction factor for the Plexiglas side wall, 𝑅𝑅𝑒𝑒 = (𝑉𝑉(4𝑅𝑅) ∗ 𝑣𝑣 ) is the 
Reynolds number, 𝑓𝑓 is the bulk friction factor, 𝑅𝑅 = ( 𝑏𝑏ℎ

𝑏𝑏+2ℎ
) is the bulk hydraulic radius with 

𝑏𝑏 representing the channel width and ℎ the effective flow depth. The latter is calculated using the 
formula ℎ= ℎ𝑚𝑚 ± [(1-𝑛𝑛) * 𝑑𝑑50] where ℎ𝑚𝑚 is the measured flow depth and 𝑛𝑛 is the porosity. A plus sign 
was used when water depth was measured from the top of the rough bed (glass beads and sand), 
whereas a minus sign was used when the water depth was measured from the top of the Plexiglas to 
which the roughness elements (gravels) were adhered. 

On the acrylic bed, bed shear stress was determined by fitting the Spalding wall function (Spalding, 
1961) to the measured velocity points close to the bed:  

       𝑦𝑦+ = 𝑢𝑢+ + 0.1108 �𝑒𝑒0.4𝑢𝑢+ − 1 − 0.4𝑢𝑢+ −
(0.4𝑢𝑢+)2

2!
−

(0.4𝑢𝑢+)3

3!
−

(0.4𝑢𝑢+)4

4!
�             (2) 

where 𝑦𝑦+ = 𝑦𝑦𝑢𝑢∗/𝜈𝜈 and 𝑢𝑢+ = 𝑢𝑢/𝑢𝑢∗ are the distance from the bed and mean velocity in the streamwise 
direction in wall units; 𝑢𝑢∗ = �𝜏𝜏𝑏𝑏/𝜌𝜌 is the friction velocity; and 𝜌𝜌 and 𝜈𝜈 are the water density and 
kinematic viscosity. Note that the overbar in 𝑢𝑢 has been omitted in Eq. (2) for conciseness. Eq. (2) 
converges to the logarithmic profile when 𝑦𝑦+ is large and a linear profile for 𝑢𝑢 when 𝑦𝑦+ is small. The 
spatial resolution of the PIV measurements is not sufficient to resolve the viscous sublayer. Therefore, 
Eq. (2) is fitted to the measured velocity points in the buffer layer. For the relatively low flow 
velocities (< 1 m/s) in open-channel flows investigated in this study, the growth of the internal 
boundary layer was much more rapid than the high-speed flows encountered in close conduits and 
wind tunnels. Therefore, the bed shear stress can be estimated using the measured velocity points in 
the buffer layer with Eq. (2).  

On the rough bed, the friction velocity was determined from the measured mean velocity profile 𝑢𝑢(𝑦𝑦) 
in conjunction with the logarithmic law. The latter may be written as follows (see Middleton and 
Southard, 1984):  

                     ln(𝑦𝑦 − 𝑦𝑦0) =
𝜅𝜅
𝑢𝑢∗
𝑢𝑢 + (ln 𝑘𝑘𝑠𝑠 − 𝜅𝜅𝜅𝜅)                                      (3) 
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In Eq. (3), 𝑦𝑦0 is the elevation of the theoretical bed or displacement height, 𝜅𝜅 (≈ 0.4) is the von 
Kármán constant, and 𝐵𝐵 has a value of 8.5 for a hydraulically rough bed. The traditional method for 
determining 𝑢𝑢∗ is to plot ln (𝑦𝑦 − 𝑦𝑦0) against 𝑢𝑢 and adjust the value of 𝑦𝑦0 to produce the best straight-
line fit to as many data points as possible in the region where the logarithmic profile is supposed to 
exist. The latter is commonly taken as 0.2𝑘𝑘𝑠𝑠 ≲ 𝑦𝑦 − 𝑦𝑦0 ≲ (0.2 − 0.3)ℎ where ℎ is the flow depth (see 
Sumer and Fuhrman, 2020). The friction velocity 𝑢𝑢∗ is then found from the slope of the best-fit line 
and the equivalent grain roughness 𝑘𝑘𝑠𝑠 from the y-intercept. By fixing 𝑦𝑦0 at the top of the rough bed, 
Chen and Chiew (2003) found that both 𝜏𝜏𝑏𝑏 and 𝑘𝑘𝑠𝑠 increase gradually after a smooth-to-rough (STR) 
transition and take a transitional length of five to six times the flow depth to reach the equilibrium 
condition. Loureiro et al. (2010) measured the variation of wall shear stress downstream of an RTS 
transition in a wind tunnel. They obtained the bed shear stress on the smooth bed using various 
methods, including an optical microsensor and the measured velocity gradient in the viscous sublayer, 
both of which do not assume the existence of a logarithmic region. Their results show that the wall 
shear stress on the smooth bed would attain its new equilibrium value almost immediately. Similar 
results may be expected to occur on the rough bed downstream of an STR transition. Therefore, the 
results of Chen and Chiew (2003) are somewhat surprising. In Appendix A, we show that their results 
were a consequence of holding the value of 𝑦𝑦0 constant at different streamwise location 𝑥𝑥. 

Previous studies indicate that the theoretical bed may lie anywhere between 0.15 and 0.35 grain 
diameters below the top of the roughness elements (see Sumer and Fuhrman, 2020). Ting and Kern 
(2022) showed that for a given set of velocity points, the value of 𝑢𝑢∗and 𝑘𝑘𝑠𝑠 will increase if 𝑦𝑦0 is 
decreased. In addition, the value of 𝑢𝑢∗obtained is very sensitive to the value of 𝑦𝑦0 chosen. For uniform 
flows over a rough bed, Kamphuis (1974) found that the 𝑘𝑘𝑠𝑠/𝑑𝑑90 ratio increases with the ℎ/𝑑𝑑90 ratio 
and reaches an average value of about 2.5 for ℎ/𝑑𝑑90 > 20. Camenen et al. (2006) presented similar 
results based on the experimental data from a large database, including Kamphuis (1974). Although 
developed for uniform flows, those results should also apply to gradually varied flow, at least 
upstream of the roughness transition. Downstream of the transition, an internal boundary layer (IBL) 
grows outward from the wall with distance from the transition and a logarithmic region may not exist 
for some distance downstream. The situation is akin to the wall boundary layer in oscillatory flows, 
where the logarithmic layer exists only sometime after flow reversal and grows as the wave cycle 
progresses (e.g., Hino et al., 1983; Jensen et al., 1989). In oscillatory flows, it was found that the larger 
the wave Reynolds number the earlier the logarithmic layer comes into existence. Furthermore, a 
temporal variation in the value of 𝑘𝑘𝑠𝑠 is considered unrealistic if the flow is fully turbulent and the bed 
is hydraulically rough. Therefore, a constant value of 𝑘𝑘𝑠𝑠 is typically assumed for the entire flow cycle 
(e.g., van der A et al., 2011; O’Donoghue et al., 2021) 

In this study, we determine the bed shear stress over the rough bed using the method described in Ting 
and Kern (2022). The value of 𝑘𝑘𝑠𝑠 is first determined from the results in uniform flows based on the 
ℎ/𝑑𝑑90 ratio measured in the flow-through-roughness-transition experiment. Figure 2.3 shows a 
regression curve of 𝑘𝑘𝑠𝑠/𝑑𝑑90 versus ℎ/𝑑𝑑90 obtained using the data by Ting and Kern (2022), and new 
data from the present study (Table 2.1 and 2.2). The value of 𝑦𝑦0 in Eq. (3) is then varied until the 𝑦𝑦-
intercept (with 𝜅𝜅 = 0.4 and 𝐵𝐵 = 8.5) of the best-fit line yields the same value of 𝑘𝑘𝑠𝑠 obtained with the 
measured ℎ/𝑑𝑑90 ratio. Last, the friction velocity 𝑢𝑢∗ is found from the slope of the best-fit line. The 
above procedure is equivalent to that employed in Ting and Kern (2022) where 𝑘𝑘𝑠𝑠 is held constant and 
𝑦𝑦0 is varied until the value of 𝜅𝜅 in the 𝑦𝑦-intercept of the best-fit line is equal to 0.4.  
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Figure 2.3 Relationship between 𝒌𝒌𝒔𝒔/𝒅𝒅𝟗𝟗𝟗𝟗 and 𝒉𝒉/𝒅𝒅𝟗𝟗𝟗𝟗 ratios 

In steady uniform flows, the total shear stress, which includes the viscous shear stress and Reynolds 
stress, varies linearly from the bed shear stress to zero at the free surface as follows (Nezu et al., 
1993):  

                          −𝑢𝑢′𝑣𝑣′������ + 𝜇𝜇
𝜕𝜕𝑢𝑢�
𝜕𝜕𝜕𝜕

= 𝑢𝑢∗2 �1 −
𝑦𝑦
ℎ

 �                                      (4) 

where ℎ is the flow depth and the overbar denotes time averaging. Since the viscous shear stress is 
negligible outside the viscous sublayer and buffer layer, the bed shear stress 𝜏𝜏𝑏𝑏�= 𝜌𝜌𝑢𝑢∗2� may be 
found by linearly extrapolating the measured Reynolds stress distribution in the outer layer to the bed. 
Rathore et al. (2022) employed this method to determine the evolution of bed shear stress in open-
channel flow downstream of an STR transition. Note that Eq. (4) is valid strictly in uniform flows 
only. In addition, the Reynolds stress is known to overestimate the bed shear stress downstream of an 
RTS transition due to turbulence generated by the rough bed upstream (see Loureiro et al., 2010). Auel 
et al. (2014) showed that secondary currents will affect the Reynolds stress distribution in narrow 
channels with small width-to-depth (𝑏𝑏/ℎ) ratios. For these reasons, the bed shear stress obtained using 
the Reynolds stress method is less reliable compared with the other methods. 

2.4 Bed Materials 

Sand, glass beads, and gravel (Figure 2.4) were employed as rough materials to construct the rough 
bed. All three bed material layers were constructed by gluing a single layer of glass bead, sand, or fine 
gravel to acrylic sheets using epoxy resin. Loose particles were removed with a brush after drying. The 
acrylic sheets were fastened to the flume floor using the in-floor threaded inserts. The smooth bed was 
created by fastening acrylic sheets of similar thickness to the flume floor. Black adhesive tape was 
affixed to the acrylic sheets to make the top surface even with the top of the rough bed and to reduce 
laser reflection.  
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Figure 2.4 Various channel bed materials used: (a) sand, (b) glass beads, and (c) gravel 

2.5 Grain Size Distribution 

The sand was well graded while the glass beads and gravel were uniformly graded. The sand had a 
𝑑𝑑90value of 1.5 mm and 𝑑𝑑50 value of 1.1 mm (Figure 2.5). No 𝑑𝑑90 value was determined for the glass 
beads and gravel due to their uniform grading. The glass bead material passed through the 1.4-mm 
sieve and was retained on the 1 mm sieve, while the gravel passed through the 4.75-mm sieve and was 
retained on the 4-mm sieve. Given that the glass beads and gravel were uniformly graded, traditional 
particle size metrics such as 𝑑𝑑90 and 𝑑𝑑50 were not applicable. The approximate particle diameters were 
assumed to be 1 mm for the glass beads and 4 mm for the gravel bed.  
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Figure 2.5 Grain size distribution of sand. The results shown is the average of five trials 

2.6 Uniform Flow Experiment 

A series of flume tests was first performed to determine the equivalent roughness 𝑘𝑘𝑠𝑠 of the glass bead, 
sand, and fine gravel at different ℎ/𝑑𝑑90 ratios. The value of 𝑘𝑘𝑠𝑠 was determined from the measured 
mean velocity profile in conjunction with the logarithmic law, as described in Section 2.3. In a 
MATLAB script written for this purpose, the bed shear stress 𝜏𝜏𝑏𝑏 calculated using Eq. (1) served as an 
input parameter. A straight line was then fitted to the logarithmic law region, and the value of 𝑦𝑦0was 
adjusted until the bed shear stress from the logarithmic law method matched the value obtained from 
the depth-slope method. The corresponding 𝑘𝑘𝑠𝑠 value was taken to be the equivalent roughness. The 
test results are summarized in Tables 2.1 and 2.2. 

2.7 Flow-Through-Roughness-Transition Experiment 

For the flow-through-roughness-transition experiment, the working channel was divided into an 
upstream section (Channel 1) and a downstream section (Channel 2). Different bed materials were 
used in each channel for different tests to achieve the flow conditions for each case shown in Figure 
1.1. For Case A, the distance from the head gate to the transition point was equal to approximately 
1.25 m, whereas for all the other cases (cases B through E), the distance ranged from around 0.94 m to 
0.98 m. The horizontal distances were around 40 times the normal depth. Table 2.3 provides a general 
description of five cases investigated. 
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Table 2.1 Summary of test results in uniform flow experiment 
Test 𝑆𝑆 (%) 

 
ℎ (mm) 𝜏𝜏𝑏𝑏  (N/m2) 

 
𝑘𝑘𝑠𝑠 (mm) 𝑘𝑘𝑠𝑠/𝑑𝑑90 ℎ/𝑑𝑑90 𝐹𝐹 𝑅𝑅𝑅𝑅∗ Bed 

Material 
1 2 31.26 5.12 1.95 1.95 31.26 1.7 150 Glass Bead 
2 4 25.71 8.83 2.25 2.25 25.71 2.27 227 Glass Bead 
3 6 22.81 11.97 1.87 1.87 22.81 2.72 219 Glass Bead 
4 8 21.14 14.98 2.31 2.31 21.14 3.05 303 Glass Bead 
5 10 18.27 16.44 2.03 2.03 18.27 3.80 279 Glass Bead 
6 12 18.57 19.64 2.27 2.27 18.57 3.70 341 Glass Bead 
7 2 30.89 5.03 2.43 1.62 20.59 1.73 185 Sand 
8 4 26.27 9.06 2.95 1.97 17.51 2.2 301 Sand 
9 6 24.09 12.76 3.87 2.58 16.06 2.51 468 Sand 

10 8 22.31 15.95 3.25 2.17 14.87 2.81 440 Sand 
11 10 20.03 17.94 3.14 2.09 13.36 3.31 451 Sand 
12 12 19.36 21 3.26 2.17 12.91 3.48 506 Sand 
13 2 35.59 6.03 6.39 1.6 8.9 1.40 532 Gravel 
14 4 29.5 10.37 5.46 1.37 7.38 1.85 596 Gravel 
15 8 25.3 18.41 5.97 1.49 6.33 2.33 868 Gravel 
16 10 22.6 20.52 6.43 1.61 5.65 2.76 987 Gravel 
17 12 20.8 22.67 5.43 1.36 5.20 3.12 876 Gravel 

Note: A constant discharge of 4.5 L/s was used in all the tests. An average value of 997.5 kg/m3 and 
9.34 × 10−7 m2/s (23℃) was used for the density and kinematic viscosity. 
 
 

 
  

Table 2.2 Summary of test results from the uniform flow experiment of Ting and Kern (2022) 
Test 𝑆𝑆 (%) 

 
ℎ (mm) 𝜏𝜏𝑏𝑏  (N/m2) 

 
𝑘𝑘𝑠𝑠 (mm) 𝑘𝑘𝑠𝑠/𝑑𝑑90 ℎ/𝑑𝑑90 𝐹𝐹 𝑅𝑅𝑅𝑅∗ Bed 

Material 
1 2 36.3 6.23 8.23 1.11 4.91 1.35 507 Gravel 
2 2 36.6 6.29 7.83 1.06 4.95 1.34 521 Gravel 
3 4 29.7 10.52 3.91 0.53 4.01 1.83 675 Gravel 
4 4 29.7 10.56 3.92 0.53 4.01 1.83 675 Gravel 
5 5 27.7 12.35 7.39 1.00 3.74 2.04 676 Gravel 
6 6 26.8 12.48 5.35 0.72 3.62 2.14 791 Gravel 
7 6 26.8 14.50 5.43 0.73 3.62 2.14 791 Gravel 
8 8 24 17.35 7.56 1.02 3.24 2.52 811 Gravel 
9 8.2 24.1 17.86 11.37 1.54 3.26 2.51 899 Gravel 

10 10 22.6 20.61 5.64 0.76 3.05 2.76 945 Gravel 
11 10 22.6 20.67 5.77 0.78 3.05 2.76 945 Gravel 

Note: 𝑅𝑅𝑅𝑅∗ was measured using different temperatures given in Ting and Kern (2022). The gravel bed was well 
graded with 𝑑𝑑90 = 7.4 mm and 𝑑𝑑50 = 5.6 mm 
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Table 2.3 Different cases in flow-through-roughness-transition experiment 
Case Bed Surface 

(Upstream) 
Bed Surface 

(Downstream) 
Water Surface 

Profile 
(Upstream) 

Water Surface 
Profile 

(Downstream) 

Flow Condition 

A Rock Acrylic M2 S2 Subcritical → 
Supercritical 

B Glass Bead Acrylic N S2 Supercritical → 
Supercritical 

C Rock Sand M2 N Subcritical → 
Subcritical 

D Acrylic Grass Bead N S3 Supercritical → 
Supercritical 

E Sand Rock M1 N Subcritical → 
Subcritical 

 
Flow depth was measured at multiple locations along the channel to record the water surface profile. 
For the gravel bed, the measured flow depth (ℎ𝑚𝑚) was taken from the top of the Plexiglass, while for 
the glass bead and sand bed, the measured flow depth was taken from the top of the rough bed. Table 
2.4 provides a summary of the water surface profile measurements. The flow depth in Table 2.4 
represents the effective flow depth assuming a 50% bed porosity.  
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Table 2.4 Effective water depth at various distance 𝒙𝒙 from roughness transition 
Case A Case B Case C Case D Case E 

𝒙𝒙 
(mm) 

ℎ 
(mm) 

𝑥𝑥 
(mm) 

ℎ 
(mm) 

𝑥𝑥 
(mm) 

ℎ 
(mm) 

𝑥𝑥 
(mm) 

ℎ 
(mm) 

𝑥𝑥 
(mm) 

ℎ 
(mm) 

-374 31.02 -312 23.36 -305 20.61 -310 27.94 -635 24.68 
-64 31.02 -242 23.36 -255 21.11 -260 27.94 -575 24.426 
-54 29.75 -212 22.85 -205 21.11 -200 28.19 -415 24.68 
-44 28.23 -182 23.36 -165 20.86 -140 27.94 -355 24.68 
-34 27.72 -132 23.36 -125 20.61 -80 27.43 -305 24.68 
-24 27.21 -102 23.36 -95 20.86 -30 28.70 -285 23.156 
-14 25.69 -82 22.09 -75 19.59 -10 28.70 -185 25.95 
-4 23.40 -72 22.85 -55 20.10 0 30.73 -115 25.95 
0 24.13 -62 22.85 -45 20.35 10 30.98 -75 26.966 
6 23.62 -52 22.60 -35 20.35 20 30.47 -35 27.982 

16 23.11 -42 22.85 -25 20.23 40 30.98 -5 27.474 
26 22.86 -32 23.61 -20 20.10 60 32.50 0 27.21 
36 21.84 -22 22.60 -15 20.10 90 32.50 15 27.21 
46 21.84 -12 22.60 -10 19.84 120 32.25 45 25.94 
56 21.34 -2 23.36 -5 19.59 160 32.50 75 25.432 
66 20.45 0 22.86 0 22.14 200 32.25 135 25.94 
76 20.32 3 22.61 5 18.33 300 32.25 205 26.448 
96 20.07 13 22.35 10 17.06 360 31.49 295 24.67 
116 19.81 18 22.23 15 16.81 410 31.23 365 25.94 
306 19.81 23 21.84 20 15.79 500 32.00 455 25.94 

  28 21.72 25 16.81 580 32.00 585 25.432 
  33 21.59 35 15.79     
  38 21.34 45 16.81     
  48 21.08 55 16.55     
  58 20.83 75 16.81     
  68 20.83 105 16.81     
  78 20.57 145 17.06     
  88 20.45 175 17.06     
  98 20.32 205 16.55     
  108 19.56 275 18.33     
  148 19.56 295 17.06     
  178 20.07 335 19.09     
  228 20.07 375 17.82     
  268 19.30 395 16.81     
  298 19.18 435 16.81     
  338 19.30 545 19.60     
  418 19.56 605 19.60     
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PIV measurements were conducted in the longitudinal-vertical plane along the centerline of the flume. 
In cases A and E, PIV measurements were taken at four locations (1 to 4). Locations 2 and 3 were 
captured immediately before and after the roughness transition while locations 1 and 4 were situated at 
the upstream and downstream ends of the flow transition, respectively. For cases B through D, PIV 
measurements were conducted at five locations, following a similar approach to cases A and E. The 
only difference was an additional location in Channel 2 downstream of the roughness transition. 
 

 
 

 
  

Table 2.5 presents the experimental parameters used in the flow-through-roughness-transition 
experiment. Flow depths were measured to a location upstream and downstream where the water 
surface profile approached uniform conditions, and the measured flow depths at the most upstream 
and downstream locations were taken as the normal depths ℎ01 and ℎ02. The computed Froude 
numbers, listed in Table 2.5 together with other relevant flow parameters, are used to define the flow 
regimes in the different cases shown in Figure 1.1. 

Table 2.5 Experimental parameters in flow-through-roughness-transition experiment 
Case 𝑄𝑄 

(L/s) 
𝑆𝑆 

(%) 
𝑈𝑈1 

(m/s) 
𝑈𝑈2 

(m/s) 
ℎ01 

(mm) 
ℎ02 

(mm) 
𝐹𝐹𝐹𝐹1 𝐹𝐹𝐹𝐹2 Water Temp. 

(°C) 
A 1.8 0.8 0.354 0.59 31 19.81 0.63 1.35 27 
B 1.9 0.9 0.54 0.64 23.36 19.55 1.15 1.46 30 
C 1.0 0.9 0.31 0.39 20.86 16.25 0.69 0.95 32 
D 3.36 0.9 0.790 0.683 27.94 31.48 1.51 1.21 29 
E 1.33 0.6 0.34 0.35 24.67 25.95 0.66 0.71 28 
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3. UNIFORM FLOW RESULTS 

3.1 Relationship Between 𝒌𝒌𝒔𝒔/𝒅𝒅𝟗𝟗𝟗𝟗 and 𝒉𝒉/𝒅𝒅𝟗𝟗𝟗𝟗 Ratios 

Experiments were performed in a uniform channel at different slopes to investigate the relationship 
between 𝑘𝑘𝑠𝑠/𝑑𝑑90 and ℎ/𝑑𝑑90. Kamphuis (1974) found that the 𝑘𝑘𝑠𝑠/𝑑𝑑90 ratio increases with the ℎ/𝑑𝑑90 ratio 
for ℎ/𝑑𝑑90 below 20 and approaches a value between 2 and 2.5. Our results, shown in Figure 2.3, which 
is reproduced in this section as Figure 3.1, agree with Kamphuis’s findings. A regression curve was 
applied to our data showing the relationship between 𝑘𝑘𝑠𝑠/𝑑𝑑90 and ℎ/𝑑𝑑90, which was subsequently 
employed to determine the values of 𝑘𝑘𝑠𝑠 in the flow-over-roughness-transition experiment. In the tests 
performed to obtain this regression curve, no discernible trend was observed in the ∆𝑦𝑦/𝑑𝑑90 values, 
where ∆𝑦𝑦 is the distance of the virtual bottom below the top of the rough bed. The range of ∆𝑦𝑦/𝑑𝑑90 
was 0.1 to 0.48 for the gravel, 0.31 to 0.83 for the glass beads, and 0.35 to 1.01 for the sand. 
 

 
 

 
 

 

 

 

 
 

Figure 3.1 Relationship between 𝒌𝒌𝒔𝒔/𝒅𝒅𝟗𝟗𝟗𝟗 and 𝒉𝒉/𝒅𝒅𝟗𝟗𝟗𝟗 ratios 

The following best-fit line was obtained from the measured data: 

For (ℎ/𝑑𝑑90)<15.8  

(𝑘𝑘𝑠𝑠/𝑑𝑑90) = 0.0002241(ℎ/𝑑𝑑90)3 − 0.01562 �
ℎ
𝑑𝑑90

�
2

+ 0.3394 �
ℎ
𝑑𝑑90

�  − 0.207                  (5) 

For 15.8 < (ℎ/𝑑𝑑90)<31.26: 

(𝑘𝑘𝑠𝑠/𝑑𝑑90) =2.14  
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3.2 Effect of Channel Width 

Uniform flow experiments were performed with the acrylic bed by varying the Froude number, 
channel slope, and channel width. These experiments were intended to compare the bed shear stress 
obtained using the depth-slope method (Eq. 1) and from the measured velocity profile (Eq. 2) in 
different channel-width-to-flow-depth ratios. Table 3.1 presents the experimental conditions and test 
results. A false wall was used to reduce the channel width in Test 5. 

Table 3.1 Effect of channel width 

Note: 𝑤𝑤 is the channel width. An average value of 997.5 kg/m3 is used for the water density and 
9.34 × 10−7 m2/s (23℃) for the kinematic viscosity, respectively.  

Table 3.1 shows that the 𝜏𝜏𝑏𝑏 values obtained from the depth-slope method are larger than the values 
obtained from the wall function method. This could be because that when employing Eq. (1) to 
compute the bed shear stress in an open channel, the hydraulic radius is calculated assuming an even 
distribution of bed shear stress on both the channel bed and side walls. As the 𝑤𝑤/ℎ ratio decreases, the 
disparity between the 𝜏𝜏𝑏𝑏 values obtained from the two methods diminishes. These results indicate that 
the boundary shear stress is not uniformly distributed around the wet perimeter in shallow water depth 
even when the channel bed and side walls are built of the same materials.  

 
  

Test 𝑤𝑤 (mm) ℎ (mm) 𝑤𝑤
ℎ

 𝜏𝜏𝑏𝑏1 (N/m2) 

(Eq. 1) 

𝜏𝜏𝑏𝑏2 (N/m2) 

(Eq. 2) 

𝜏𝜏𝑏𝑏1 − 𝜏𝜏𝑏𝑏2
𝜏𝜏𝑏𝑏1

∗ 100 Fr 

1 152.4 20.62 7.39 9.53 4.96 47.95 3.18 

2 152.4 24 6.35 7.14 3.86 45.94 2.53 

3 152.4 25.65 5.94 6.01 3.26 45.76 2.29 

4 152.4 26.87 5.67 3.89 2.63 32.39 2.14 

5 101.6 35.76 2.84 1.64 1.64 0 0.88 
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4. FLOW-THROUGH-ROUGHNESS-TRANSITION RESULTS 

4.1 Case A 

In case A, the water surface profile changes from an M2 to an S2 curve as the flow transitions from a 
rough bed to a smooth bed. Table 4.1 summarizes the flow conditions at the four PIV measurement 
locations, and Figure 4.1 shows the measured water surface profile. Channel 1 (upstream) has a gravel 
bed and Channel 2 (downstream) has an acrylic bed. In Figure 4.1, negative distance indicates the 
upstream direction from the transition point, and positive distance indicates the downstream direction 
from the transition point. The roughness transition serves as the reference point.  
 

 
 

Table 4.1 Experimental conditions in case A 
Location 1 2 3 4 

Distance from 
Transition Point 

(mm) 
-144.7 -17.7 13.9 167 

Bed Material Gravel Gravel Acrylic Acrylic 
Water Surface 

Profile N M2 S2 N 

Flow Condition Subcritical Subcritical Supercritical Supercritical 
Froude Number 0.63 0.96 1.04 1.35 

Flow Depth h (mm) 31 24.7 23.4 19.8 
𝑤𝑤
ℎ

 4.9 6.2 6.5 7.7 

Note: Distance is measured from the roughness transition to the center of FOV of the PIV camera 
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Figure 4.1 Measured water surface profile in case A. The origin x = 0 represents the transition 
point, and 𝒉𝒉 is the effective depth. Negative distance indicates the gravel bed section 
when going upstream, and positive distance represents the smooth bed section when 
going downstream. The locations of PIV measurements are marked in the figure 
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Figure 4.2 Mean velocity profiles at different channel locations 
 
PIV measurements were conducted at four different locations from upstream (location 1) to 
downstream (location 4) in case A to study the effect of a rough-to-smooth transition on the velocity 
distribution. Figure 4.2 shows the mean velocity profiles at the different locations. The results are as 
expected. From location 1 to 2, flow velocity increases throughout the water column due to the 
decrease in flow depth. Around the transition from location 2 to 3, flow velocity increases adjacent to 
the bed due to the sudden decrease in bed roughness, but also away from the bed due to the continued 
decrease in flow depth. This behavior is different from that observed in Chen and Chiew (2003) on an 
STR transition. Since the flow was subcritical in their experiment, the water surface profile must 
change from an M1 curve to an N curve at the roughness transition. As the flow velocity decreases 
adjacent to the bed due to a sudden increase in bed roughness, the flow velocity away from the bed 
must increase to maintain conservation of mass in a uniform depth (see Figure 3 in their paper). 
Therefore, the development of velocity profile depends on the water surface profile as well as changes 
in the bed roughness, and it is more complicated in open-channel flows than in close-conduit and 
external flows without a free surface. From location 3 to 4, flow velocity over the smooth bed 
increases throughout the water column due to the decrease in flow depth associated with the S2 
profile.  
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Figure 4.3 Mean velocity profile at location 1 in semi log plot; u* = 0.0451 m/s, 𝝉𝝉𝒃𝒃 = 2.024 N/m2, 
r2= 0.9993, rmse = 0.005991, 𝒌𝒌𝒔𝒔= 6.6 mm, n1=9, n2=21 

Figure 4.3 shows the result of fitting the log law to the mean velocity profile at location 1. The 
measured flow depth is uniform at this location. Therefore, the bed shear stress computed using the log 
law can be compared to the value obtained using the depth-slope method (Eq. 1). To determine the 
friction velocity 𝑢𝑢∗, the mean velocities are plotted on a semi log plot of 𝑦𝑦 − 𝑦𝑦0 versus 𝑢𝑢. A best-fit 
line is found by fitting Eq. (3) to the largest segment of the measured data that can be represented by a 
straight line in a region up to about 0.2ℎ from the bed.  The value of 𝑦𝑦0 is varied until the 𝑦𝑦-intercept 
ln 𝑘𝑘𝑠𝑠 − 𝜅𝜅𝜅𝜅 (with 𝜅𝜅 = 0.4 and 𝐵𝐵 = 8.5) yields the same value of 𝑘𝑘𝑠𝑠 obtained from Figure 3.1. The 
results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 0.29, 6.6 mm and 2.024 N/m2, respectively, where ∆𝑦𝑦 is the distance 
of the virtual bottom below the top of the gravel. The bed shear stress determined using the log law 
method is about 10% lower than the value of 2.21 N/m2 obtained using Eq. (1).  
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Figure 4.4 Mean velocity profile at location 2 in semi log plot; u* = 0.0534 m/s, 𝝉𝝉𝒃𝒃 = 2.842 N/m2, 
r2= 0.999, rmse = 0.005667, 𝒌𝒌𝒔𝒔=5.37 mm, n1=7, n2=14 

Location 2 is situated close to the roughness transition. The water surface profile exhibits an M2 
curve, and the flow is not uniform. Therefore, the bed shear stress cannot be determined using Eq. (1). 
Using the log law method (Eq. 3) in conjunction with Eq. (5), the results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 
0.285, 5.37 mm and 2.842 N/m2, respectively. Note that the bed shear stress near the roughness 
transition is higher than that measured farther upstream due to the decrease in flow depth associated 
with the M2 profile (Figure 4.1). 
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Figure 4.5 Mean velocity profile at location 3 in semi log plot; u* = 0.0249 m/s, 
 𝝉𝝉𝒃𝒃  = 0.6179 N/m2 

Location 3 is located on the smooth bed close to the roughness transition. The water surface profile 
exhibits an S2 curve, and the flow is non-uniform. Therefore, Eq. (1) cannot be used to determine the 
bed shear stress at this location. Furthermore, the log law may not be fully developed close to the 
transition. Therefore, the bed shear stress was determined from the measured mean velocities in the 
buffer layer using Eq. (2). The measured data are presented with the Spalding wall function in Figure 
4.5. Eq. (2) converges to the linear profile 𝑢𝑢+ = 𝑦𝑦+ when 𝑦𝑦+ is small and the logarithmic profile given 
by:    

      

                         
𝑢𝑢
𝑢𝑢∗

=
1
𝜅𝜅

ln
𝑦𝑦𝑢𝑢∗

𝜈𝜈
+ 5.0                                               (6) 

when 𝑦𝑦+ is large. The value of 𝑢𝑢∗ is found by minimizing the difference between Eq. (2) and the 
measured velocities in the buffer layer where 5 ≤ 𝑦𝑦+ ≤ 30. This procedure yields a value of 0.62 
N/m2 for 𝜏𝜏𝑏𝑏 on the smooth bed just downstream of the roughness transition. 
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Figure 4.6 Mean velocity profile at location 4 in semi log plot; u* = 0.0331 m/s, 
 𝝉𝝉𝒃𝒃  = 1.092 N/m2 

Figure 4.6 shows the measured mean velocity profile at location 4 together with the Spalding wall 
function. The flow depth is uniform, and the bed shear stress can be calculated using Eq. (1). The bed 
shear stress obtained by fitting the Spalding wall function to the measured velocities in the buffer layer 
(𝜏𝜏𝑏𝑏 = 1.092 N/m2) is about 20% smaller than the bed shear stress (𝜏𝜏𝑏𝑏 = 1.23 N/m2) obtained using the 
depth-slope method. 
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Figure 4.7 Measured Reynolds stress profile at location 1; 𝝉𝝉𝒃𝒃 = 2.22 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 𝒉𝒉 
= 31.02 mm 

Figure 4.7 is a plot of the normalized Reynolds stress −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus dimensionless distance 𝑦𝑦/ℎ, 
where ℎ (= 31.02 mm) is the effective flow depth. The origin of the 𝑦𝑦 coordinate is taken at the first 
data point in the measured velocity profile, which is close to the location of the virtual bottom 𝑦𝑦0. This 
approach is applied throughout to all the Reynolds stress profiles shown in this report.  

A value of 2.22 N/m2 (𝑢𝑢𝑟𝑟∗ = 0.0472 m/s) for the bed shear stress is found by linearly extrapolating a 
best-fit line through the measured Reynolds stress data to 𝑦𝑦 =0 (see upper plot). The lower plot shows 

the distribution of the correlation coefficient 𝑅𝑅𝑢𝑢′𝑣𝑣′ = −𝑢𝑢′𝑣𝑣′������/ �𝑢𝑢′2����1/2
𝑣𝑣′2����1/2

�. In steady, uniform 

flows, the value of 𝑅𝑅𝑢𝑢′𝑣𝑣′ increases with 𝑦𝑦/ℎ then remains nearly constant with a value between 0.4 
and 0.5 over most of the water column before decreasing again in the free surface region (Nezu et al., 
1993). The scattered data in Figure 4.7 show a similar trend with values of 𝑅𝑅𝑢𝑢′𝑣𝑣′  ranging from 0.3 to 
0.4 away from the bed. The lower values of 𝑅𝑅𝑢𝑢′𝑣𝑣′  observed are likely due to noises in the measured 
velocities used to compute the ensemble average, which would reduce the Reynolds stress.  
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Figure 4.8 Measured Reynolds stress profile at location 2; 𝝉𝝉𝒃𝒃 = 1.89 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 h = 24.67 mm 

Figure 4.8 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 2. The bed shear stress of 1.89 N/m2 (𝑢𝑢𝑟𝑟∗ =
0.0435 m/s) obtained by extrapolating the measured Reynolds stresses to the bed is much lower than 
the value of 2.84 N/m2 obtained using the log law method, even though there is good correlation 
between the turbulence velocities 𝑢𝑢′ and 𝑣𝑣′; the values of 𝑅𝑅𝑢𝑢′𝑣𝑣′  away from the bed are between 0.4 
and 0.5 (see lower plot). The difference could be the result of a positive pressure gradient in the 
streamwise direction created by the M2 profile, therefore Eq. (4) is not strictly valid at this location.  
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Figure 4.9 Measured Reynolds stress profile at location 3; u* = 0.0249 m/s (from log law), 
 𝒉𝒉 = 𝟐𝟐𝟐𝟐.𝟑𝟑𝟑𝟑 mm 

Figure 4.9 presents the distribution of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ at location 3 just after the roughness transition where 
ℎ = 23.37 mm. The measured data cannot be used to determine the friction velocity 𝑢𝑢𝑟𝑟∗ because of 
memory effect from the flow upstream; therefore, the Reynolds stress distribution was normalized by 
the friction velocity obtained using the log law method. Note that −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗is much larger than unity 
away from the bed. Therefore, the Reynolds stress method overpredicts the bed shear stress 
immediately downstream of the RTS transition. This has been observed in external and close conduit 
flows (e.g., Loureiro et al., 2010) and is due to residual turbulence generated on the rough bed then 
carried downstream by the flow.  
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Figure 4.10 Measured Reynolds stress profile at location 4; u* = 0.0331 m/s (from log law), 𝒉𝒉 =
𝟏𝟏𝟏𝟏.𝟖𝟖𝟖𝟖 mm 

Figure 4.10 presents the distribution of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ at location 4 after the roughness transition where 
ℎ = 19.81 mm. These results should be treated with caution because the Reynolds stress was 
computed with fewer than 300 valid vector fields out of 900 vector fields obtained from the three 
trials. Consequently, the bed shear stress was not determined using the Reynolds stress method at this 
location. 
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Table 4.2 Summary of bed shear stress values (in N/m2) obtained using various methods in case A 

Location 1 2 3 4 

Bed Material Gravel Gravel Acrylic Acrylic 

Water Surface Profile N M2 S2 N 

 
(Eq. 1) 

 

2.21 NA NA 1.23 

 
(Eq. 2) 

 

NA NA 0.62 1.09 

 
(Eq. 3) 

 

2.02 2.84 NA NA 

 
(Eq. 4) 

 

 
 

 
  

2.22 1.89 NA NA 

Table 4.2 summarizes the bed shear stresses at the four measurement locations obtained using the 
various methods. Eq. (1) is based on the measured flow depth and channel slope and can be used to 
determine the bed shear stress at locations 1 and 4 where the flow depth approaches uniform 
conditions. Eq. (2) is only valid on a smooth bed (locations 3 and 4), and the results show that the bed 
shear stress increases with distance downstream of the roughness transition. Eq. (3) is valid in both 
uniform and gradually varied flows and can provide a good estimate of the bed shear stress when the 
logarithmic layer has time to develop, such as at locations 1 and 2 upstream of the roughness 
transition. The bed shear stress obtained using Eq. (3) at location 1 is about 10% smaller than that 
obtained from Eq. (1). Eq. (4) is the least reliable method for determining the bed shear stress; it 
produces a much lower value of 𝜏𝜏𝑏𝑏 at location 2 and greatly overestimates the bed shear stress 
downstream of the roughness transition due to memory effect of the flow. For the bed shear stress 
determined from the measured velocity profiles (Eq. 2 and Eq. 3), the bed shear stress is lower at 
location 1 than at location 2 due to the M2 profile. Similarly, the bed shear stress is lower at location 3 
than at location 4 due to the decreasing flow depth under an S2 profile. In summary, the key 
observation from the results of case A is that the variation in bed shear stress is related to changes in 
both bed roughness and flow depth.  
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4.2 Case B 

In case B, the water surface profile changes from an N curve to an S2 curve as the flow transitions 
from a rough to a smooth bed. Table 4.3 summarizes the flow conditions at the five PIV measurement 
locations, and Figure 4.11 shows the measured water surface profile. Channel 1 (upstream) has a 
rough bed made of glass beads, and Channel 2 (downstream) has an acrylic bed. 
 
Table 4.3 Experimental conditions in case B 

Location 1 2 3 4 5 

Distance from  
Transition Point 

(mm) 
-110 -20 14 153 434 

Bed Material Glass Bead Glass Bead Acrylic Acrylic Acrylic 
Water Surface 

Profile N N S2 N N 

Flow Condition Supercritical Supercritical Supercritical Supercritical Supercritical 
Froude Number 1.15 1.17 1.19 1.45 1.46 

Flow Depth h (mm) 23.4 22.6 22.4 19.6 19.6 
𝑤𝑤
ℎ

 6.5 6.7 6.8 7.8 7.8 

Note: Distance is measured from the roughness transition to the center of FOV of the PIV camera  
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Figure 4.11 Measured water surface profile in case B. The origin x = 0 represents the transition 

point, and 𝒉𝒉 is the effective depth. Negative distance indicates the glass bead section 
when going upstream, and positive distance represents the smooth bed section when 
going downstream. The locations of PIV measurements are marked in the figure. 
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Figure 4.12 Mean velocity profiles at different channel locations 

PIV measurements were conducted at five different locations from upstream (location 1) to 
downstream (location 5) in case B. Figure 4.12 shows the mean velocity profiles at the different 
locations. The origin of the vertical coordinate (𝑦𝑦 = 0) on the rough bed is taken as the elevation 
where the measured velocity is close to zero. As the water flows from the rough bed to the smooth 
bed, the fluid velocity adjacent to the bed increases. The measured velocity profiles near the bed at 
locations 1 and 2 are similar under the N profile. The velocity is higher at locations 3 and 4 due to the 
smooth bed and smaller water depth. From location 2 to 3, fluid velocity increases near the bed due to 
the sudden decrease in bed roughness but decreases away from the bed to maintain conservation of 
mass. The largest increase in fluid velocity occurs from locations 3 and 4. The increase in fluid 
velocity is much smaller between locations 4 and 5 as the flow approaches equilibrium condition 
downstream. 
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Figure 4.13 Mean velocity profile at location 1 in semi log plot; u* = 0.0452 m/s, 𝝉𝝉𝒃𝒃 = 2.03 N/m2, 
r2 = 0.9977, rmse = 0.01122, 𝒌𝒌𝒔𝒔=2.06 mm, n1=5, n2=13 

Figure 4.13 shows the result of fitting the log law to the mean velocity profile at location 1. Location 1 
is in the upstream region where the water surface profile remains uniform. Consequently, Eq. (1) is 
valid at this location. The bed shear stress obtained using the log law can be compared to the bed shear 
stress obtained using the depth-slope method. A similar procedure to that used in case A was 
employed for the calculation of the bed shear stress. The value of 𝑦𝑦0 is varied until the 𝑦𝑦-intercept 
ln 𝑘𝑘𝑠𝑠 − 𝜅𝜅𝜅𝜅 (with 𝜅𝜅 = 0.4 and 𝐵𝐵 = 8.5) yields the same value of 𝑘𝑘𝑠𝑠 obtained from Eq. (5). The results 
for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 0.96, 2.06 mm and 2.03 N/m2, respectively. The bed shear stress 
determined using the log law method is about 13% higher than the value of 1.79 N/m2 obtained using 
the depth-slope method.  
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Figure 4.14 Mean velocity profile at location 2 in semi log plot; u* = 0.0499 m/s, 𝝉𝝉𝒃𝒃 = 2.48 N/m2, 
r2= 0.9977, rmse = 0.01379, 𝒌𝒌𝒔𝒔= 2.07 mm, n1= 8, n2 = 25 

Location 2 is located right before the transition. The water surface profile exhibits a normal curve. 
However, the bed shear stress obtained using the log law is different from that calculated using Eq. 
(1). The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 0.671, 2.07 mm and 2.48 N/m2, respectively. The bed shear 
stress determined using the log law method is about 44% higher than the value of 1.72 N/m2 obtained 
using the depth-slope method. A possible explanation for the noticeable difference between these two 
values is the proximity of location 2 to the roughness transition so that the velocity profile may not be 
entirely uniform (Figure 4.12).  
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Figure 4.15 Mean velocity profile at location 3 in semi log plot; u* = 0.0243 m/s, 
 𝝉𝝉𝒃𝒃 = 0.588 N/m2 

Location 3 is on the smooth bed close to roughness transition. In this region, the water surface profile 
displays an S2 curve. Figure 4.15 shows that the logarithmic profile is not fully established at this 
location. Although the lower part of the log law appears to be well established, the upper part of the 
log law region is still in the process of being formed. The value of 𝑢𝑢∗ is found by minimizing the 
difference between Eq. (2) and the measured velocities in the buffer layer where 5 ≤ 𝑦𝑦+ ≤ 30. This 
procedure yields a value of 0.588 N/m2 for 𝜏𝜏𝑏𝑏 on the smooth bed just downstream of the roughness 
transition. 
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Figure 4.16 Mean velocity profile at location 4 in semi log plot; u* = 0.0343 m/s, 𝝉𝝉𝒃𝒃 = 1.17 N/m2 

At location 4, the water surface profile returns to normal depth. Figure 4.16 shows that the log law is 
approaching full establishment. The bed shear stress determined using the log law method (𝜏𝜏𝑏𝑏 = 1.17 
N/ m²) is 17% lower than the bed shear stress ( 𝜏𝜏𝑏𝑏 = 1.37 N/m²) obtained using the depth-slope 
method.  

Figure 4.17 Mean velocity profile at location 5 in semi log plot; u* = 0.0365 m/s, 𝝉𝝉𝒃𝒃 = 1.33 N/m2 
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At location 5, the measured flow depth is uniform. Figure 4.17 shows that the logarithmic region is 
well established. The log law region is wider compared with locations 3 and 4. The bed shear stress 
determined using the log law method (𝜏𝜏𝑏𝑏 = 1.33 N/m2) is only 3% lower than the bed shear stress 
obtained using the depth-slope method ( 𝜏𝜏𝑏𝑏 = 1.37 N/m²). 
 

 

 

 
 
 
 
 

Figure 4.18 Measured Reynolds stress profile at location 1; u* = 0.0452 m/s (from log law), 
 𝒉𝒉 = 23.36 mm 

Figure 4.18 is a plot of the normalized Reynolds stress −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ versus dimensionless distance 𝑦𝑦/ℎ, 
where ℎ (= 23.36 mm) denotes the effective flow depth based on a 50% porosity. The measured data 
depicted in this figure should be treated with caution because the Reynolds stress was computed based 
on fewer than 300 valid vector fields out of 900 obtained from the three trials. Therefore, the bed shear 
stress was not determined using the Reynolds stress method and the measured data were normalized 
using the friction velocity obtained using the log law.  
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Figure 4.19 Measured Reynolds stress profile at location 2; 𝝉𝝉𝒃𝒃 = 1.56 N/ m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 22.6 mm  

Figure 4.19 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 2, with ℎ = 22.6 mm denoting the effective 
flow depth based on a 50% porosity. The measured Reynolds stresses are much lower than the values 
obtained using the log law method, even though there is good correlation between the turbulence 
velocities 𝑢𝑢′ and 𝑣𝑣′; the values of 𝑅𝑅𝑢𝑢′𝑣𝑣′  away from the bed are between 0.4 and 0.5 (lower plot). The 
bed shear stress obtained by extrapolating the measured Reynolds stress to the bed is 1.56 N/m2(𝑢𝑢𝑟𝑟∗ =
0.0396 m/s). 
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Figure 4.20 Measured Reynolds stress profile at location 3; u* = 0.0243 m/s (from log law), 
 𝒉𝒉 = 𝟐𝟐𝟐𝟐.𝟒𝟒 mm 

Figure 4.20 presents the distribution of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ at location 3 just after the roughness transition 
where ℎ = 22.4 mm. The measured Reynolds stress significantly overpredicts the bed shear stress 
immediately downstream of an RTS transition. This has been observed in external and close conduit 
flows and is due to residual turbulence generated upstream and advected downstream by the flow (e.g., 
Loureiro et al., 2010). Therefore, the bed shear stress was not determined by Reynolds stress 
extrapolation, and the measured data were normalized using the friction velocity obtained from the log 
law.  
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 Figure 4.21 Measured Reynolds stress profile at location 4; u*= 0.0343 m/s (from log law), 
 𝒉𝒉 = 𝟏𝟏𝟏𝟏.𝟓𝟓𝟓𝟓 mm 

Figure 4.21 presents the distribution of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ at location 4 on the smooth bed where ℎ =
19.56 mm. The measured Reynolds stress is −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ and exhibits a considerable amount of scatter. 
Therefore, it is difficult to determine the bed shear stress from the measured data by Reynolds stress 
extrapolation. Similarly, the correlation between 𝑢𝑢′ and 𝑣𝑣′ exhibits a significant amount of scatter 
(lower plot) and is considerably smaller than the values of 0.4 to 0.5 observed in turbulent open 
channel flows. 
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Figure 4.22 Measured Reynolds stress profile at location 5; 𝒖𝒖𝒓𝒓∗  = 0.0320 m/s, 𝒉𝒉 =19.56 mm 

Figure 4.22 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 5 where ℎ = 19.56 mm. The bed shear 
stress obtained by extrapolating the measured Reynolds stress to the bottom is 1.01 N/m2, which is 
much lower than the value of 1.33 N/m2 obtained using the log law method. 
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Table 4.4 Summary of bed shear stress values (in N/m2) obtained using various methods in case B 

Location 1 2 3 4 5 

Bed Material Glass Bead Glass Bead Acrylic Acrylic Acrylic 

Water Surface 
Profile N N S2 N N 

 
(Eq. 1) 

 

1.79 1.72 NA 1.37 1.37 

 
(Eq. 2) 

 

NA NA 0.588 1.17 1.33 

 
(Eq. 3) 

 

2.03 2.48 NA NA NA 

 
(Eq. 4) 

 

NA 1.56 NA NA 1.01 

 
Table 4.4 summarizes bed shear stresses at the five measurement locations obtained using the different 
methods. Like case A, a similar trend can be seen in this case in the variation of the bed shear stress. 
The latter is affected by the local bed roughness and change in water depth along the channel. The 
water surface profile in Channel 1 is an N-curve and both locations in Channel 1 should have similar 
bed shear stress, but as location 2 is situated just upstream of an RTS transition, the flow velocity near 
the bed may be accelerating and thus creates a higher bed shear stress. In Channel 2, the buffer layer is 
established at location 3 but the logarithmic region has not yet developed. Location 3 has a lower flow 
velocity and higher water depth than locations 4 and 5, which may explain why the measured bed 
shear stress is smaller, as the flow depth is still decreasing. There is not as large a difference in the 
measured bed shear stress at locations 4 and 5 because the flow depth is uniform and the velocity 
profile is approaching equilibrium condition.  
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4.3 Case C 

In case C, the water surface profile changes from an M2 to an N curve as the flow passes from a gravel 
bed to a sand bed. Table 4.5 summarizes the flow conditions at the five PIV measurement locations, 
and Figure 4.23 shows the measured water surface profile. Channel 1 (upstream) has a gravel bed, and 
Channel 2 (downstream) has a sand bed. 
 

 

 

 

Table 4.5 Experimental conditions in case C 
Location 1 2 3 4 5 

Distance 
from  

Transition 
Point 
(mm) 

-105 -15 20 200 425 

Bed 
Material Gravel Gravel Sand Sand Sand 

Water 
Surface 
Profile 

N M2 N N N 

Flow 
Condition Subcritical Subcritical Subcritical Subcritical Subcritical 

Froude 
Number 0.69 0.74 0.95 0.95 0.95 

Flow Depth 
h (mm) 20.9 19.8 16.8 16.3 16.3 

𝑤𝑤
ℎ

 7.3 7.7 9.1 9.4 9.4 

Note: Distance is measured from the roughness transition to the center of the FOV of the PIV camera 
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Figure 4.23 Measured water surface profile in case C. The origin x = 0 represents the transition 
point, and 𝒉𝒉 is the effective depth. Negative distance indicates the gravel bed section 
when going upstream, and positive distance represents the sand bed section when 
going downstream. The locations of PIV measurements are marked in the figure. 
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Figure 4.24 Mean velocity profiles at different channel locations 

Figure 4.24 presents the mean velocity profiles from upstream (location 1) to downstream (location 5). 
Note that the measurements cover only the lower half of the water column due to the PIV camera’s 
small FOV. The flow velocity should increase in Channel 1 with downstream distance under the M2 
curve, whereas it should remain relatively constant in Channel 2 due to the uniform depth. Figure 4.24 
shows that the velocity at location 1 is lower than that at location 2, which is as expected. The increase 
in flow velocity adjacent to the bed from location 2 to location 3 is consistent with the decrease in bed 
roughness after the transition. From location 3 to location 4, measured velocities increase adjacent to 
the bed but decrease away from the bed to maintain conservation of mass in the uniform depth. The 
measured velocity profiles at locations 4 and 5 are similar, which indicates that equilibrium condition 
was achieved at these locations.  
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Figure 4.25 Mean velocity profile at location 1 in semi log plot; u* = 0.0396 m/s, 𝝉𝝉𝒃𝒃 = 1.56 N/m2, 
 r2= 0.967, rmse = 0.011, 𝒌𝒌𝒔𝒔= 4.7 mm, n1=15, n2=20 

Location 1 represents the upstream area where the water surface profile remains uniform. The results 
for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 0.85, 4.7 mm, and 1.56 N/m2, respectively. The bed shear stress calculated 
using the log law is 10% lower compared with the bed shear stress ( 𝜏𝜏𝑏𝑏 = 1.72 N/m²) obtained from the 
depth-slope method The measured data are somewhat scattered, and the best-fit line does not achieve 
an r2 value higher than 99%. This can be attributed to a large gravel protruding above the bed in the 
measurement area.  
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Figure 4.26 Mean velocity profile at location 2 in semi log plot; u* = 0.0465 m/s, 𝝉𝝉𝒃𝒃 = 2.15 N/m2, 
 r2= 0.991, rmse = 0.0241, 𝒌𝒌𝒔𝒔=4.5 mm, n1=3, n2=13 

Location 2 is the location right before the roughness transition. The water surface profile exhibits an 
M2 curve. The depth-slope method is not applicable in this region. The results for ∆𝑦𝑦/𝑑𝑑90,, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 
from the log law method are 0.58, 4.5 mm, and 2.15 N/m2, respectively. 
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Figure 4.27 Mean velocity profile at location 3 in semi log plot; u* = 0.0461 m/s, 𝝉𝝉𝒃𝒃 = 2.11 N/m2, 
 r2= 0.992, rmse = 0.0172, 𝒌𝒌𝒔𝒔=2.9 mm, n1=6, n2=11 

Location 3 is just downstream of the transition. The water surface profile exhibits an N-curve; 
however, the bed shear stress calculated using the log law at location 3 is different from that calculated 
by the depth-slope method. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 0.65, 2.9 mm, and 2.11 N/m2, 
respectively. The bed shear stress determined using the log law method is about 35% higher than the 
value of 1.36 N/m2 obtained using Eq. (1), which suggests that, unlike the water surface profile, the 
velocity profile has not achieved the equilibrium equation.  
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Figure 4.28 Mean velocity profile at location 4 in semi log plot; u* = 0.0396 m/s, 𝝉𝝉𝒃𝒃 = 1.56 N/m2, 
 r2= 0.993, rmse = 0.0305, 𝒌𝒌𝒔𝒔=2.9mm, n1=6, n2=17 

Location 4 is about 12 times the uniform depth downstream of the roughness transition. The flow 
depth is uniform. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 0.32, 2.9 mm, and 1.56 N/m2, respectively. 
The bed shear stress determined using the log law method is about 12% higher than the value of 1.36 
N/m2 obtained using the depth-slope method. 
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Figure 4.29 Mean velocity profile at location 5 in semi log plot; u* = 0.0414 m/s, 𝝉𝝉𝒃𝒃 = 1.70 N/m2, 
 r2= 0.997, rmse = 0.0154, 𝒌𝒌𝒔𝒔=2.9 mm, n1=6, n2=17 

Location 5 is about 25 times the uniform depth downstream of the roughness transition, and the flow 
depth is uniform. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 are 0.67, 2.9 mm, and 1.70 N/m2, respectively. 
The bed shear stress determined using the log law method is about 20% higher than the value of 1.36 
N/m2 obtained using the depth-slope method. 
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Figure 4.30 Measured Reynolds stress profile at location 1; 𝒖𝒖∗ = 0.0396 m/s (from log law), 
 𝒉𝒉 = 20.9 mm 

Figure 4.30 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ versus 𝑦𝑦/ℎ at location 1, with ℎ = 20.9 mm denoting the effective 
flow depth. The Reynolds stress distribution has large scatter because the ensemble average was 
computed with fewer than 300 valid velocity fields out of 900 obtained from the three trials. Because 
of this, the bed shear stress was not determined by Reynolds stress extrapolation. 
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Figure 4.31 Measured Reynolds stress profile at location 2; 𝒖𝒖∗ = 0.0465 m/s (from log law), 
𝒉𝒉 = 19.8 mm  

Figure 4.31 is a plot of the normalized Reynolds stress −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ versus dimensionless distance 𝑦𝑦/ℎ at 
location 2, where ℎ (= 19.8 mm) denotes the effective flow depth. The Reynolds stress method was 
not used to determine the bed shear stress because the flow depth was non-uniform under the M2 
profile. 
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Figure 4.32 Measured Reynolds stress profile at location 3; 𝝉𝝉𝒃𝒃= 1.19 N/m2 (𝒖𝒖𝒓𝒓∗ = 0.0346 m/s), 
 𝒉𝒉 = 16.8 mm  

Figure 4.32 is a plot of the normalized Reynolds stress −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus dimensionless distance 𝑦𝑦/ℎ 
at location 3, where ℎ (= 16.8 mm) denotes the effective flow depth. A value of 𝜏𝜏𝑏𝑏 = 1.19 N/m2 is 
found for the bed shear stress by linearly extrapolating a best-fit line through the data points to 𝑦𝑦 =0. 
The bed shear stress obtained from the Reynolds stress method is much lower than the value of 2.11 
N/m2 obtained using the log law method. 
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Figure 4.33 Measured Reynolds stress profile at location 4; 𝒖𝒖∗ = 0.0396 m/s (from log law), 
 𝒉𝒉 = 16.8 mm  

Figure 4.33 presents the distribution of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ at location 4 about 12 times the normal depth after 
the roughness transition with ℎ = 16.8 mm. The measured data are very scattered. This is because 
there are fewer than 300 valid vector fields for computing the Reynolds stress. Thus, the bed shear 
stress was not determined using the Reynolds stress method. 
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Figure 4.34 Measured Reynolds stress profile at location 5; 𝒖𝒖∗ = 0.0414 m/s (from log law), 
 𝒉𝒉 = 16.8 mm  

Figure 4.34 is a plot of the normalized Reynolds stress −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ versus dimensionless distance 𝑦𝑦/ℎ at 
location 5, where ℎ (= 16.8 mm) is the effective flow depth. The measured Reynolds stress −𝑢𝑢′𝑣𝑣′������/𝑢𝑢∗ 
exhibits a considerable amount of scatter. Therefore, the bed shear stress was not determined using the 
Reynolds stress method. The correlation between 𝑢𝑢′ and 𝑣𝑣′ (lower plot) also exhibits a significant 
amount of scatter, with values considerably below the range of 0.4 to 0.5 observed in fully turbulent 
flow in open channels. 
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Table 4.6 Summary of bed shear stress values (in N/m2) obtained using various methods in case C 

Location 1 2 3 4 5 

Bed Material Gravel Gravel Sand Sand Sand 

Water Surface 
Profile N M2 N N N 

 
(Eq. 1) 

 

1.72 NA 1.36 1.36 1.36 

 
(Eq. 2) 

 

NA NA NA NA NA 

 
(Eq. 3) 

 

1.56 2.15 2.11 1.56 1.7 

 
(Eq. 4) 

 

NA NA 1.19 NA NA 

 
Table 4.6 summarizes the bed shear stresses at the five measurement locations obtained using various 
methods. While examining the results from Eq. (3) it is evident that in Channel 1, location 2 has a 
lower water depth than location 1, resulting in higher bed shear stress at location 2. In Channel 2, the 
water surface elevation exhibits an N curve. The measured bed shear stress at locations 4 and 5 does 
not differ significantly. The bed shear stress at location 3 is higher than at locations 4 and 5, possibly 
due to flow history effect carrying from the gravel bed upstream.  
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4.4 Case D 

In case D, the water surface profile changed from an N curve on a smooth bed to an S3 curve on a bed 
made of glass beads. Table 4.7 summarizes the flow conditions at the five PIV measurement locations, 
and Figure 4.35 shows the measured water surface profile through the transition.  

Table 4.7 Experimental conditions in case D 
Location 1 2 3 4 5 

Distance 
from  

Transition 
Point 
(mm) 

-162 -32 32 262 397 

Bed 
Material Acrylic Acrylic Glass Bead Glass Bead Glass Bead 

Water 
Surface 
Profile 

N N S3 N N 

Flow 
Condition Supercritical Supercritical Supercritical Supercritical Supercritical 

Froude 
Number 1.50 1.45 1.32 1.21 1.26 

Flow 
Depth h 
(mm) 

27.9 28.7 30.5 32.3 31.5 

𝑤𝑤
ℎ

 5.5 5.3 5.0 4.7 4.8 

Note: Distance is measured from the roughness transition to the center of the FOV of the PIV camera 
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Figure 4.35 Measured water surface profile in case D. The origin x = 0 represents the transition 
point, and 𝒉𝒉 is the effective depth. Negative distance indicates the acrylic bed section 
when going upstream, and positive distance represents the glass bead section when 
going downstream. The location of each FOV is marked in the figure. 
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Figure 4.36 Mean velocity profiles at different channel locations 

Figure 4.36 shows the measured velocity profiles from upstream (location 1) to downstream (location 
5). The velocity profiles at locations 1 and 2 are similar, which is consistent with the uniform flow in 
Channel 1. At location 3 after the transition, measured velocities decrease adjacent to the bed due to 
the increase in bed roughness but also away from the bed due to the increase in flow depth. Flow 
velocity continues to decrease from location 3 to location 4 due to the increase in flow depth. The 
measured velocities are slightly higher at location 5 than at location 3, but the differences are not large 
and could be caused by small variations in the flow depth or non-uniform velocity distribution across 
the narrow channel.  
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Figure 4.37 Mean velocity profile at location 1 in semi log plot; u* = 0.0369 m/s, 𝝉𝝉𝒃𝒃 = 1.36 N/m2 

At location 1, the water surface profile follows an N curve. Figure 4.37 shows that the logarithmic law 
is fully established. The bed shear stress obtained using the log law is 32% lower compared with a bed 
shear stress of 1.80 N/m² obtained using the depth-slope method.  
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Figure 4.38 Mean velocity profile at location 2 in semi log plot; u* = 0.0369 m/s, 𝝉𝝉𝒃𝒃 = 1.36 N/m2 

At location 2, the water surface profile follows an N curve. Figure 4.38 shows that the logarithmic law 
is fully established. The bed shear stress obtained using the log law is the same as that at location 1 
and is 35% lower than the bed shear stress ( 𝜏𝜏𝑏𝑏 = 1.83 N/m²) obtained using the depth-slope method.  
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Figure 4.39 Mean velocity profile at location 3 in semi log plot; u* = 0.0607 m/s, 𝝉𝝉𝒃𝒃 = 3.67 N/m2, 
 r2= 0.995, rmse = 0.022, 𝒌𝒌𝒔𝒔= 2.1 mm, n1 = 5, n2 =13 

Location 3 is located just after the roughness transition. The water surface profile exhibits an S3 curve 
and Eq. (1) is not valid in this region. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 obtained using Eq. (3) are 
0.79, 2.1 mm, and 3.67 N/m2, respectively.  
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Figure 4.40 Mean velocity profile at location 4 in semi log plot; u* = 0.0555 m/s, 𝝉𝝉𝒃𝒃 = 3.07 N/m2, 
 r2= 0.995, rmse = 0.0348, 𝒌𝒌𝒔𝒔=2.1 mm, n1= 6, n2 =15 

The water surface profile at location 4 exhibits an N curve. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 
obtained using Eq. (3) are 0.49, 2.1 mm, and 3.07 N/m2, respectively. The local bed shear stress 
obtained using the log law method is much higher than the bed shear stress of 2.31 N/m2 obtained 
using the depth-slope method.  
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Figure 4.41 Mean velocity profile at location 5 in semi log plot; u* = 0.0584 m/s, 𝝉𝝉𝒃𝒃 = 3.4 N/m2, 
 r2= 0.997, rmse = 0.0227, 𝒌𝒌𝒔𝒔= 2.1 mm, n1= 4, n2 = 14 

The water source surface profile at location 5 exhibits an N curve. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 
𝜏𝜏𝑏𝑏  obtained using Eq. (3) are 0.52, 2.1 mm, and 3.4 N/m2, respectively. As with location 4, the local 
bed shear stress obtained using the log law method is much higher than the bed shear stress obtained 
using the depth-slope method (2.22 N/m2).  
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Figure 4.42 Measured Reynolds stress profile at location 1; 𝝉𝝉𝒃𝒃 = 1.18 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 𝟐𝟐𝟐𝟐.𝟗𝟗 mm 

Figure 4.42 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 1 , with ℎ = 27.9 mm. The bed shear stress 
obtained by extrapolating the measured Reynolds stresses to the bed is 1.18 N/m2, which is lower than 
the value of 1.36 N/m2 obtained using Eq. (2). It is also seen that the decrease in −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 is faster in 
the lower half of the water column but slower near the free surface than predicted by Eq. (4). The 
shape of the measured Reynolds stress distribution is like that described in Auel et al. (2014) for 
supercritical flows in narrow channels and is attributed to the presence of secondary currents. The 
latter occurs when the 𝑤𝑤/ℎ ratio is less than 5. The ratio of 𝑤𝑤/ℎ is around 5 in case D, therefore 
sidewall and three-dimensional flow effects were likely present.  
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Figure 4.43 Measured Reynolds stress profile at location 2; 𝝉𝝉𝒃𝒃 = 1.12 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 28.7 mm 

Figure 4.43 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 2, with ℎ = 28.7 mm. The bed shear stress 
obtained by extrapolating the measured Reynolds stresses to the bed is 1.12 N/m2. The latter is 
essentially the same as the value of 1.18 N/m2 obtained at location 1 since the flow is uniform.  
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Figure 4.44 Measured Reynolds stress profile at location 3; 𝝉𝝉𝒃𝒃 = 1.12 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
𝒉𝒉 = 30.5 mm 

Figure 4.44 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 3, with ℎ = 30.5 mm. The bed shear stress 
obtained by extrapolating the measured Reynolds stresses to the bottom is 1.12 N/m2. 
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Figure 4.45 Measured Reynolds stress profile at location 4; 𝝉𝝉𝒃𝒃 = 1.98 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s),  
 𝒉𝒉 = 32.3 mm 

Figure 4.45 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 4, with ℎ = 32.3 mm. The bed shear stress 
obtained by extrapolating the measured Reynolds stresses to the bottom is 1.98 N/m2, which is much 
lower than the value of 3.07 N/m2 obtained using log law method. 
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Figure 4.46 Measured Reynolds stress profile at location 5; 𝝉𝝉𝒃𝒃 = 1.91 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 31.5 mm 

Figure 4.46 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 2, with ℎ = 31.5 mm. The bed shear stress 
obtained by extrapolating the measured Reynolds stresses to the bottom is 1.91 N/m2.  
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Table 4.8 Summary of bed shear stress values (in N/m2) obtained using various methods in case D 

Location 1 2 3 4 5 

Bed Material Acrylic Acrylic Glass Bead Glass Bead Glass Bead 

Water Surface 
Profile N N S3 N N 

 
(Eq. 1) 

 

1.80 1.83 NA 2.31 2.22 

 
(Eq. 2) 

 

1.36 1.36 NA NA NA 

 
(Eq. 3) 

 

NA NA 3.67 3.07 3.4 

 
(Eq. 4) 

 

1.18 1.12 1.12 1.98 1.91 

 
Table 4.8 summarizes the bed shear stresses at the five measurement locations obtained using the 
various methods. Locations 1 and 2 have similar bed shear stress values because the water depth is 
uniform in Channel 1. In Channel 2, the results from Eq. (3) show that location 3 has a higher bed 
shear stress than at locations 4 and 5 due to the increasing flow depth under the S3 profile, whereas the 
bed shear stress is similar at locations 4 and 5 due to the uniform depth. The bed shear stress variation 
obtained using Eq. (4) follows a similar trend except at location 3. The latter may be attributed to Eq. 
(4) being only valid in uniform flow. It is also seen that Eq. (4) produces lower bed shear stress values 
compared with the other methods.  
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4.5 Case E 

In case E, the water surface profile changes from an M1 curve to an N curve as the flow transitions 
from a sand bed to a gravel bed. Table 4.9 summarizes the flow conditions at the four PIV 
measurement locations, and Figure 4.47 shows the measured water surface profile from upstream to 
downstream. 
 

 

Table 4.9 Experimental conditions in case E 
Location 1 2 3 4 

Distance 
from  

Transition 
Point 
(mm) 

-132 -22.5 22 292 

Bed 
Material Sand Sand Gravel Gravel 

Water 
Surface 
Profile 

M1 M1 N N 

Flow 
Condition Subcritical Subcritical Subcritical Subcritical 

Froude 
Number 0.66 0.60 0.62 0.71 

Flow 
Depth 
h(mm) 

26.0 27.7 27.2 24.7 

𝑤𝑤
ℎ

 5.87 5.49 5.6 6.17 

Note: Distance is measured from the roughness transition to the center of the FOV of the PIV camera 
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Figure 4.47 Measured water surface profile in case E. The origin x = 0 represents the transition 

point, and 𝒉𝒉 is the effective depth. Negative distance indicates the sand bed section 
when going upstream, and positive distance represents the gravel bed section when 
going downstream. The location of each FOV is marked in the figure. 
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Figure 4.48 Mean velocity profiles at different channel locations 

Figure 4.48 shows the mean velocity profiles at the different measurement locations. Flow velocity 
decreases from location 1 to location 2 due to the increase in flow depth under the M1 profile. As the 
bed roughness increases, flow velocity decreases due to increase in bed friction. Therefore, the 
velocity near the bed decreases at locations 3 when compared with locations 1 and 2 but increases 
away from the bed to maintain conservation of mass. The large increase in velocity from location 3 to 
location 4 is not expected and may be related to the dip in the water surface profile at location 4 seen 
in Figure 4.47. 



73 
 

 
 
 

 

Figure 4.49 Mean velocity profile at location 1 in semi log plot; u* = 0.0334 m/s, 𝝉𝝉𝒃𝒃 = 1.11 N/m2, 
 r2= 0.994, rmse = 0.0282, 𝒌𝒌𝒔𝒔= 3.2 mm, n1= 8, n2 =20 

Location 1 represents the upstream region where the water surface profile exhibits an M1 curve. Eq. 
(1) is not valid in this region. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 from Eq. (3) are 0.46, 3.2 mm, and 
1.1 N/m2, respectively. 
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Figure 4.50 Mean velocity profile at location 2 in semi log plot; u* = 0.0305 m/s, 𝝉𝝉𝒃𝒃 = 0.93 N/m2, 
 r2= 0.998, rmse = 0.0152, 𝒌𝒌𝒔𝒔= 3.2 mm, n1= 6, n2 =16 

Location 2 is the location right before the transition. The water surface profile exhibits an M1 curve. 
The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 from Eq. (3) are 0.7, 3.2 mm, and 0.93 N/m2, respectively. 
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Figure 4.51 Mean velocity profile at location 3 in semi log plot; u* = 0.0373 m/s, 𝝉𝝉𝒃𝒃 = 1.39 N/m2, 
 r2 = 0.998, rmse = 0.0096, 𝒌𝒌𝒔𝒔=5.80 mm, n1=9, n2=16 

Location 3 is just downstream of the roughness transition. The water surface profile exhibits an N 
curve. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 from Eq. (3) are 0.96, 5.8 mm, and 1.39 N/m2, respectively. 
The bed shear stress determined using the log law method is about 5% lower than the value of 1.46 
N/m2 obtained from the depth-slope method (Eq. 1). 
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Figure 4.52 Mean velocity profile at location 4 in semi log plot; u* = 0.0405 m/s, 𝝉𝝉𝒃𝒃 = 1.63 N/m2, 
 r2= 0.991, rmse = 0.027, 𝒌𝒌𝒔𝒔=5.4 mm, n1=11, n2=18 

Location 4 is located farther downstream from the roughness transition. The water surface profile 
exhibits an N curve. The results for ∆𝑦𝑦/𝑑𝑑90, 𝑘𝑘𝑠𝑠, and 𝜏𝜏𝑏𝑏 from Eq. (3) are 0.4, 5.40 mm, and 1.63 N/m2, 
respectively. The bed shear stress obtained using the log law method is about 25% higher than the 
value of 1.3 N/m2 obtained using the depth-slope method. 
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Figure 4.53 Measured Reynolds stress profile at location 1; 𝝉𝝉𝒃𝒃 = 0.86 N/m2, (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 25.6 mm 

Figure 4.53 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 1, with ℎ = 25.6 mm. There is good 
correlation between the turbulence velocities 𝑢𝑢′ and 𝑣𝑣′; the values of 𝑅𝑅𝑢𝑢′𝑣𝑣′ away from the bed are 
between 0.4 and 0.5 (lower plot). The bed shear stress obtained by extrapolating the measured 
Reynolds stresses to the bottom is 0.86 N/m2. 
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Figure 4.54 Measured Reynolds stress profile at location 2; 𝝉𝝉𝒃𝒃 = 0.67 N/m2, (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 27.7 mm 

Fig. 4.54 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 2, with ℎ = 27.7 mm. There is good 
correlation between the turbulence velocities 𝑢𝑢′ and 𝑣𝑣′; the values of 𝑅𝑅𝑢𝑢′𝑣𝑣′ away from the bed are 
between 0.4 and 0.5 (lower plot). The bed shear stress obtained by extrapolating the measured 
Reynolds stress to the bottom is 0.67 N/m2. 
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Figure 4.55 Measured Reynolds stress profile at location 3; 𝝉𝝉𝒃𝒃 = 1.07 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 27.2 mm 

Figure 4.55 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 3, with ℎ = 27.2 mm. There is good 
correlation between the turbulence velocities 𝑢𝑢′ and 𝑣𝑣′; the values of 𝑅𝑅𝑢𝑢′𝑣𝑣′ away from the bed are 
between 0.4 and 0.5 (lower plot). The bed shear stress obtained by extrapolating the measured 
Reynolds stress to the bottom is 1.07 N/m2.  
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Figure 4.56 Measured Reynolds stress profile at location 4; 𝝉𝝉𝒃𝒃 = 1.02 N/m2 (𝒖𝒖𝒓𝒓∗ = 𝟎𝟎.𝟎𝟎𝟎𝟎𝟎𝟎𝟎𝟎 m/s), 
 𝒉𝒉 = 24.7 mm 

Figure 4.56 is a plot of −𝑢𝑢′𝑣𝑣′������/𝑢𝑢𝑟𝑟∗2 versus 𝑦𝑦/ℎ at location 4, with ℎ = 24.7 mm. There is good 
correlation between the turbulence velocities 𝑢𝑢′ and 𝑣𝑣′; the values of 𝑅𝑅𝑢𝑢′𝑣𝑣′ away from the bed are 
between 0.4 and 0.5 (lower plot). The bed shear stress obtained by extrapolating the measured 
Reynolds stress to the bottom is 1.02 N/m2.  
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Table 4.10 Summary of bed shear stress values (in N/m2) obtained using various methods in case E 

 Location 1 2 3 4 

Bed Material Sand Sand Rock Rock 

Water Surface 
Profile M1 M1 N N 

 
(Eq. 1) 

 

NA NA 1.46 1.3 

 
(Eq. 2) 

 

NA NA NA NA 

 
(Eq. 3) 

 

1.11 0.93 1.39 1.63 

 
(Eq. 4) 

 

0.86 0.67 1.07 1.02 

 
Table 4.10 summarizes the bed shear stresses at the four measurement locations obtained using 
various methods. This case closely resembles the one discussed in Chen and Chiew (2003). The 
primary difference lies in the methodology used to determine 𝑦𝑦0. As discussed earlier, in the case of 
Eq. (3), bed shear stress was determined by adjusting 𝑦𝑦0 following the method in Ting and Kern 
(2022) instead of using a fixed value as in Chen and Chiew (2003). As a result, our results differ 
significantly from the findings by Chen and Chiew (2003). Table 4.10 shows that bed shear stress 
primarily depends on local water depth and bed roughness, with the bed shear stress adjusting to the 
roughness transition and reaching equilibrium much more quickly under an N curve after the 
roughness transition. As in the other cases, Eq. (4) generally produces bed shear stress values lower 
than the other methods.  
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5. DISCUSSION 

5.1 Effects of Bed Roughness and Water Depth on Bed Shear 
Stress 

The main objective of this study was to investigate the effects of bed roughness and water surface 
profile on the bed shear stress in gradually varied flow due to a sudden change in bed roughness. 

Loureiro et al. (2010) conducted experiments in closed conduit flow, specifically wind tunnel flow (in 
the absence of a free surface). They found that when transitioning from a rough bed to a smooth bed, 
the boundary layer develops near the bed immediately, and the bed shear stress attains equilibrium 
almost immediately.  

Chen and Chiew (2003) conducted experiments in open-channel flows transitioning from a sand bed to 
a marble bed. They found that bed shear stress and equivalent roughness 𝑘𝑘𝑠𝑠 change gradually as the 
flow goes through the transition.  

This study observed that the development of bed shear stress through roughness transition was 
dependent on both the local water depth and bed roughness. In cases A and B, unlike the trend 
observed by Loureiro et al. (2010), different locations downstream of the transition did not exhibit the 
same bed shear stress, as the latter was influenced by the local water depth at each location. In both 
cases, the local water depth was higher near the transition than farther downstream, which is the 
reason why the bed shear stresses did not reach equilibrium immediately, in contrast to the closed 
conduit flow investigated by Loureiro et al. (2010). In case C, however, the bed shear stress obtained 
using the log law is similar at different locations in Channel 2 because the flow was uniform. 
Likewise, in case D, the location closer to the transition experiences higher bed shear stress compared 
with the downstream location because of the S3 profile. Therefore, the development of bed shear stress 
depends on the local water depth and may not reach equilibrium condition immediately after a 
roughness transition until the flow depth becomes uniform. 

The experimental conditions in case E resemble those investigated by Chen and Chiew (2003), with 
the flow transitioning from an M1 profile to an N curve. However, this study yielded results different 
from the findings of Chen and Chiew (2003). In case E, the bed shear stress adjusted to the transition 
promptly and attained equilibrium because the flow depth was uniform in Channel 2. This contrasts 
with the trend observed by Chen and Chiew (2003), where the bed shear stress gradually increased 
along the channel after the transition. The different results in the two studies are related to the 
determination of the elevation of the theoretical bed on the rough bed.  

5.2 Elevation of Theoretical Bed 

Chen and Chiew (2003) took the height of the theoretical bed 𝑦𝑦0 to be at the top of the rough bed and 
determined the values of 𝑢𝑢∗ and 𝑘𝑘𝑠𝑠 by fitting Eq. (3) to the measured velocities in the region where 
𝑦𝑦/ℎ ≤ 0.2. Figure 3 of their paper shows that as 𝑥𝑥 increases on the rough bed, the velocity 𝑢𝑢 decreases 
adjacent to the bed but increases away from the bed (to maintain conservation of mass). This causes 
the velocity gradient 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑 to increase with 𝑥𝑥 in the logarithmic region. The latter is related to the 
friction velocity 𝑢𝑢∗ by Middleton and Southard (1984): 

                                 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑢𝑢∗

𝜅𝜅(𝑦𝑦 − 𝑦𝑦0)
                                           (6) 
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Upon integration, Eq. (6) yields the familiar logarithmic law on a rough bed, which can also be 
represented by Eq. (3). Eq. (6) shows that for a given value of 𝑦𝑦 − 𝑦𝑦0 in the logarithmic region, the 
value of 𝑢𝑢∗ must increase if 𝑑𝑑𝑢𝑢/𝑑𝑑𝑑𝑑 increases. Eq. (3) then shows that the value of ln 𝑘𝑘𝑠𝑠 − 𝜅𝜅𝜅𝜅 must 
increase with 𝑥𝑥 because 𝑢𝑢∗ increases and 𝑢𝑢 decreases with 𝑥𝑥. Hence, both 𝑢𝑢∗ and 𝑘𝑘𝑠𝑠 will increase with 
𝑥𝑥 if 𝑦𝑦0 is held constant at different streamwise locations on the rough bed. This paper uses 𝑦𝑦0 as a 
fitting parameter and does not employ a fixed value of 𝑦𝑦0 along the channel, thus leading to different 
results from Chen and Chiew (2003). The difference in results between the two approaches is 
demonstrated in Appendix A using the measured data by Chen and Chiew (2003).  

5.3 Effect of Channel Width to Water Depth Ratio 

When Eq. (1) is applied to a smooth channel to calculate the bed shear stress, it assumes an even 
distribution of bed shear stress on both the smooth bed and side walls, yielding an overall average bed 
shear stress in a uniform flow. However, bed shear stress calculations based on measured velocity 
profiles depend on the local values where the velocity profile is taken (Auel et al., 2014). As a result, 
this thesis observed that the bed shear stress obtained using one equation is sometimes higher than that 
obtained using another equation. This discrepancy may be because Eq. (2), (3), and (4) are all based on 
the local values where the velocity profile is measured, which may not be uniform across the channel if 
secondary currents are present.  

The channel-width-to-flow-depth aspect ratio plays a significant role in determining the flow patterns. 
In narrow channels, where the width-to-depth ratio is small (typically 4–5), the highest velocities are 
concentrated around the centerline of the channel (see Figure 3 in Auel et al., 2014). Narrow channels 
exhibit the presence of secondary currents near the side walls, resulting in complex three-dimensional 
flow patterns (Auel et al., 2014). These flow characteristics also have notable effects on the turbulence 
distributions and Reynolds stress. Therefore, the values of bed shear stress obtained using Eq. (2), (3), 
and (4) depend on where the velocity profile is measured in the channel, whether it is in the middle or 
near the side wall. Since the channel used in this study was narrow, it was likely that the velocity profiles 
obtained in all five cases were affected by secondary currents to some degree. This observation is 
reflected in the results, as different methods yielded somewhat different bed shear stress values. 

5.4 Reynolds Stress 

A recurring pattern observed in this study is that the Reynolds stress method consistently underestimates 
the bed shear stress when compared with the other methods. This may also be attributed to the influence 
of secondary currents in narrow channels (refer to Figure 15 in Auel et al., 2014). It was suspected in 
this study that, since all the experiments involved narrow channels, measured Reynolds stress 
distributions would deviate from the linear trend due to secondary currents as observed by Auel et al. 
(2013), consequently leading to an underprediction of bed shear stress in comparison with the other 
methods.  
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6. SUMMARY AND CONCLUSIONS 

The following conclusions can be drawn from this study:  
 

 
  

1. The value of the 𝑘𝑘𝑠𝑠/𝑑𝑑90 ratio depends on the ℎ/𝑑𝑑90 ratio. An increasing trend was observed in 
the 𝑘𝑘𝑠𝑠/𝑑𝑑90 ratio as the ℎ/𝑑𝑑90 ratio increases in the uniform flow experiments until the 
𝑘𝑘𝑠𝑠/𝑑𝑑90 ratio reaches a value between 2 and 2.5 when the ℎ/𝑑𝑑90 ratio is above 15.  

2. Significant differences were observed in the bed shear stresses calculated using the depth-
slope method and the mean velocity profile when dealing with narrow channels and 
supercritical flows. 

3. This study found that in open-channel (free-surface) flow, the development of the bed shear 
stress was related to both the water surface profile and bed roughness. The new boundary 
layer started to develop immediately, but the velocity profile was not fully established for 
some distance downstream. In both rough-to-smooth (RTS) and smooth-to-rough (STR) 
transitions, the bed shear stress development closely followed the variation in local water 
depth, ultimately reaching equilibrium when the local water depth became uniform.  

4. It was found that the choice of displacement height on a rough bed strongly affected the value 
of bed shear stress obtained using the logarithmic law, and thus the development of bed shear 
stress in STR transitions.  
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7. RECOMMENDATIONS FOR FUTURE WORK 

This study has focused on the development of the mean velocity profile and bed shear stress near 
roughness transitions. There is still much to be learned regarding the profiles of Reynolds stress and 
turbulence intensities. Additional studies are needed to gain a deeper understanding of these flow 
parameters. Furthermore, the implementation of direct methods for measuring bed shear stress on the 
smooth bed in the transition zone could provide additional insights into flow dynamics during the 
transitional phase. 
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9. APPENDIX A. EFFECT OF DISPLACEMENT HEIGHT 

Chen and Chiew (2003) took the displacement height 𝑦𝑦0 to be at the top of the rough (marble) 
bed (i.e., 𝑦𝑦0 = 0) and determined the values of 𝑢𝑢∗ and 𝑘𝑘𝑠𝑠 by fitting Eq. (3) to the measured 
velocities in the region where 𝑦𝑦/ℎ ≤ 0.2. The mean velocity profiles at different locations for 
case C shown in Figure 3 of their paper are reproduced here in Figure A1. It shows that as 
𝑥𝑥 increases on the marble bed, the mean velocity 𝑢𝑢 decreases adjacent to the bed but increases 
away from the bed (to maintain conservation of mass).  

 

 
 

Figure A1 Horizontal mean velocity profiles at different locations in case C of Chen and Chiew 
(2003) 

Figure A2 compares the variations of 𝑘𝑘𝑠𝑠 and 𝑢𝑢∗ with 𝑥𝑥 obtained using two different methods. 
When 𝑦𝑦0 is held fixed at 𝑦𝑦 = 0, both 𝑘𝑘𝑠𝑠 and 𝑢𝑢∗ increase gradually with 𝑥𝑥. The values of 𝑘𝑘𝑠𝑠 and 
𝑢𝑢∗ increase from 0.11 cm and 1.16 cm/s, respectively, at 𝑥𝑥 = 10 cm to 0.91 cm and 1.63 cm/s, 
respectively, at 𝑥𝑥 = 60 cm. These results are like those shown in Figures. 6 and 7 of Chen and 
Chiew (2003). However, if 𝑘𝑘𝑠𝑠 is held fixed at the mean diameter of the marbles (1.12 cm) and the 
value of 𝑦𝑦0 is allowed to vary, Figure A2 shows that the value of 𝑢𝑢∗ decreases slightly from 1.8 to 
1.7 cm/s between 𝑥𝑥 = 10 and 60 cm. In Figure A2, the value of 𝑘𝑘𝑠𝑠 for the sand bed before the 
transition is taken as 2 mm or twice the mean bed roughness height (Kamphuis, 1973). The above 
analysis shows that holding the value of 𝑦𝑦0 constant may cause the values of 𝑘𝑘𝑠𝑠 and 𝑢𝑢∗ to vary in 
a pre-determined manner under certain flow conditions. 
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Figure A2 Variations of equivalent roughness height and friction velocity with channel distance 
in case C of Chen and Chiew (2003) 
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