MOUNTAIN-PLAINS CONSORTIUM

MPC 18-359 | Z. Song, Z. Liu, and Y. He

Optimal Deployment of
Wireless Charging Facilities
for an Electric Bus System

A University Transportation Center sponsored by the U.S. Department of Transportation serving the
\ Mountain-Plains Region. Consortium members:

Colorado State University University of Colorado Denver Utah State University

MOUNTAIN-PLAINS North Dakota State University University of Denver University of Wyoming
CONSORTIUM recion s South Dakota State University University of Utah



OPTIMAL DEPLOYMENT OF WIRELESS CHARGING FACILITIES
FOR AN ELECTRIC BUS SYSTEM

Ziqi Song, Ph.D
Assistant Professor

Zhaocai Liu
Graduate Research Assistant

Yi He
Graduate Research Assistant

Department of Civil and Environmental Engineering
Utah State University

August 2018



Acknowledgements

The funds for this study were provided by the United States Department of Transportation to the
Mountain-Plains Consortium (MPC).

Disclaimer

The contents of this report reflect the views of the authors, who are responsible for the facts and the
accuracy of the information presented herein. This document is disseminated in the interest of information
exchange. The report is funded, partially or entirely, by a grant from the U.S. Department of
Transportation’s University Transportation Centers Program. However, the U.S. Government assumes no
liability for the contents or use thereof.

NDSU does not discriminate in its programs and activities on the basis of age, color, gender expression/identity, genetic information, marital status, national origin, participation in lawful

off-campus activity, physical or mental disability, pregnancy, public assistance status, race, religion, sex, sexual orientation, spousal relationship to current employee, or veteran status, as
applicable. Direct inquiries to Vice Provost, Title IX/ADA Coordinator, Old Main 201, 701-231-7708, ndsu.ecoaa@ndsu.edu.


mailto:ndsu.eoaa@ndsu.edu

ABSTRACT

Battery electric buses with zero tailpipe emissions have great potential to improve environmental
sustainability and livability of urban areas. However, the problems of high cost and limited range
associated with on-board batteries have substantially limited popularity of battery electric buses. The
technology of dynamic wireless power transfer (DWPT), which provides bus operators with the ability to
charge buses while in motion, may be able to effectively alleviate drawbacks of electric buses. In this
study, we address the problem of simultaneously selecting the location of the DWPT facilities and
designing battery sizes of electric buses for a DWPT electric bus system. The problem is first constructed
as a deterministic model in which the uncertainty of energy consumption and travel time of buses is
neglected. The methodology of robust optimization (RO) is then adopted to address the uncertainty.
Numerical studies demonstrate that the proposed deterministic model can effectively determine the
allocation of DWPT facilities and the battery sizes of electric buses for a DWPT electric bus system; and
the robust model can further provide optimal designs that are robust against the uncertainty of energy
consumption and travel time for electric buses.
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1. INTRODUCTION

As an integral part of public transportation, the public bus system provides people with an economical
and sustainable travel mode, and it helps to reduce traffic congestion and exhaust emissions (Liu et al.,
2018). However, due to the limitations of vehicle technology, diesel-powered buses still dominate today’s
bus fleet. For example, diesel buses accounted for 50.5 percent of all bus vehicles in the United States in
2015 (Dickens and Neff, 2016). Diesel engines are a primary source of particulate matter (PM) and
nitrogen oxides (NOx) emitted by motor vehicles. Furthermore, most transit buses are operated in densely
populated urban areas and are generally in use for large portions of the day. Battery electric buses, which
produce zero tailpipe emissions, offer tremendous potential in improving the environmental sustainability
and livability of urban areas. However, range limitations associated with on-board batteries and the
problem of battery size, cost, and life, have substantially limited the popularity of electric buses.

The technology of dynamic wireless power transfer (DWPT)—also called dynamic inductive charging—
offers the promise of eliminating the range limitation of electric buses. DWPT provides bus operators the
ability to charge buses while in motion, using wireless inductive power transfer pads embedded under the
roadway. The technology potentially makes electric buses as capable as their diesel counterparts. DWPT
technology has been implemented in a bus line in Gumi City, South Korea (Jang et al., 2015).
Additionally, the United Kingdom recently conducted a study to determine feasibility of implementing
this technology on its strategic road network (Highways England, 2015). Another benefit of DWPT
technology is that it could substantially reduce on-board battery size. The battery pack on a long-range
all-electric bus can account for about one-quarter of the weight of the vehicle and as much as 39 percent
of the total cost of the bus (Bi et al., 2015). Bi et al. (2015) demonstrated the potential of downsizing the
battery of an electric bus to about one-third of a plug-in charged battery, assuming stationary wireless
charging at bus stations is employed. The battery downsizing not only makes electric buses more
affordable, but also offers additional energy savings, due to reduced vehicle weight.

Although a number of studies have investigated the problem of deploying or managing DWPT facilities
for private electric vehicles in transportation networks (e.g., He et al., 2013; Riemann, 2015; Chen et al.,
2016, 2017; Fuller, 2016; Deflorio and Castello, 2017), with current technologies, constructing DWPT
facilities for private electric vehicles could be costly. Fuller (2016) estimated that it costs $4 million per
lane mile to construct DWPT facilities for private electric vehicles. However, constructing DWPT
facilities for an electric bus system is quite different from constructing such facilities for private electric
vehicles. DWPT facilities consist of inverters and wireless power transfer pads. For DWPT facilities for
private electric vehicles, inverters should be densely deployed to serve continuous vehicle flows.
However, headways of buses can be controlled through proper scheduling. As a result, for DWPT
facilities for an electric bus system, an inverter can cover a relatively long distance of roadway.
Therefore, the cost for constructing DWPT facilities for an electric bus system could be significantly
reduced.

To enable DWPT for an electric bus system, wireless charging infrastructure must be strategically built in
the road network, and because DWPT provides the potential of reducing on-board battery size, battery
sizes for electric buses should also be designed. The charging infrastructure planning problem is twofold.
First, the combination of deployed dynamic wireless charging facilities and designed battery sizes should
ensure the normal operation of electric buses. Second, one must consider the trade-off between on-board
battery sizes and the number (length) of DWPT facilities.

A handful of studies have investigated the location of DWPT infrastructure for electric buses. Ko and
Jang (2011) formulated a nonlinear model to simultaneously determine the optimal location of DWPT
facilities and the battery sizes of electric buses for a single electric bus line. In this model, the cost of
DWPT facilities is linearly related to length. Ko and Jang (2013) improved this model by separating the
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cost of DWPT facilities into two parts: the cost of inverters and the cost of cables. The total number of
DWPT facilities determines the cost of inverters, and the cost of cables is linearly related to the total
length. More recently, Jang et al. (2015) proposed a mixed-integer programming (MIP) model to optimize
the location of DWPT facilities and the battery sizes of electric buses for a DWPT electric bus line in a
closed environment.

The above studies only consider electric bus systems with a single bus line. However, a real-world bus
system almost always contains more than one bus line. Moreover, multiple transit lines may have
significant overlap, especially in areas with high transit demand, e.g., downtown or shopping malls.
Overlapping transit lines could share wireless power transfer pads. The synergistic effect among different
transit lines could substantially reduce the average cost of constructing DWPT infrastructure for
individual bus lines and make DWPT more economically attractive for real-world implementation.
Another significant drawback of previous studies lies in their strong assumption that energy consumption
and travel time of electric buses are predefined. Nevertheless, in real-world traffic, energy consumption
and travel time of electric buses will change with traffic conditions and travel demands. For instance, the
energy consumption of electric vehicles is considered to be dependent on traffic flow in Liu and Song
(2018a), and travel time will be influenced by traffic congestion. Note that the travel time of an electric
bus on a DWPT facility determines the potential dynamic charging time. Ignoring the uncertainty of
energy consumption and travel time of electric buses could lead to a suboptimal or even infeasible plan
for a DWPT electric bus system.

In this study, we consider the planning problem of DWPT infrastructure in a general electric bus system
with multiple lines. Moreover, the uncertainty of energy consumption and travel time of electric buses is
also considered through robust optimization (RO). The primary contributions of our work are summarized
as follows: 1) Develop an innovative model to select the optimal location of DWPT facilities and design
the optimal battery sizes of electric buses for a DWPT electric bus system with multiple lines. 2) Based
on the deterministic model, formulate the corresponding robust optimization model, which can provide
robust optimal solutions against the uncertainty of energy consumption and travel time of electric buses.
3) Reformulate the initial robust optimization model, which is intractable, into a computationally tractable
model.

The remaining portions of this study are organized as follows. In the next section, we formulate a
deterministic model to optimize the location of DWPT facilities and the battery sizes of electric buses for
a DWPT electric bus system. In Section 3, we propose a robust counterpart model to consider the
uncertainty of energy consumption and travel time of electric buses. Section 4 presents numerical studies
for the deterministic and robust models. Conclusions are discussed in Section 5. This report is based on
Liu and Song (2017) and Liu et al. (2017).



2. DETERMINISTIC OPTIMIZATION MODEL

In this section, the optimization issue of a DWPT electric bus system is introduced, and the network
representation of a DWPT electric bus system is provided. Next, the decision variables and constraints of
the model is presented. Finally, optimization model is formulated to select the optimal locations of DWPT
facilities and design optimal battery sizes of electric buses for a DWPT electric bus system. Note that all
input parameters in the model are predefined in this section. Thus, this model is deterministic.

2.1 The Optimization Issue of a DWPT Electric Bus System

A DWPT electric bus system consists of DWPT facilities and electric buses. An independent DWPT
facility consists of an inverter and a series of wireless power transfer pads that are installed under the
road, as shown in Figure 2.1. Electric buses can be charged while moving over these pads. Compared
with traditional electric buses, which can only be charged when idle, electric buses in a DWPT electric
bus system could carry smaller batteries because they can be charged enroute. Through the
implementation of DWPT for an electric bus system, the cost of on-board batteries is reduced. To save
more money on batteries for electric buses, more DWPT facilities must be installed at appropriate
locations, which means that additional investments will be required for DWPT facilities. Thus, for a
DWPT electric bus system to be effective, there must be an optimal trade-off between the cost of batteries
and the cost of DWPT infrastructure.

Battery

Inductive pickup
N

— — — — — al— a— a— — — a— —
Wireless Power Transfer Pads
| ‘ il

Figure 2.1 A DWPT Facility

To optimize a DWPT electric bus system, the battery sizes of electric buses and the allocation of DWPT
facilities must be simultaneously determined. The combination of the battery sizes of electric buses and
the allocation of DWPT facilities should first meet the energy requirement for normal operations of the
electric bus system. Based on this requirement, we can then minimize the total cost of batteries and
DWPT facilities. Furthermore, our deterministic optimization model is based on a DWPT electric bus
system operating under the following assumptions:

1) Each bus line in the bus system operates on a fixed route.

2) Each bus line has a base station, where all buses start and end each of their service loops.

3) Once an electric bus completes a service loop, it will be fully charged at the base station before it

starts another service loop.
4) The speed profile and the number of boarding/alighting passengers at bus stations are predefined.

The assumptions are introduced for system modeling purposes and are not restrictive. Assumptions 1 and
2 are common, even for traditional bus systems. Assumption 3 requires electric buses to stay at the base
station for a certain period of time and be fully charged after completing each service loop. Assumption 4
ensures that the input parameters of our model—energy consumption and travel time of electric buses—
are deterministic. Based on the preference of the decision maker, the speed profile and the number of

3



boarding/alighting passengers at bus stations could be the expected value or the worst-case value.
Furthermore, assumption 4 was also adopted by previous studies on the DWPT electric bus system. (e.g.,
Ko and Jang, 2011; Ko and Jang, 2013; Jang et al., 2015).

2.2 Network Representation of a DWPT Electric Bus System

Let G(N, L) denote the road network of the electric bus system, where N is the set of nodes and L is the
set of directed links. A bidirectional road is treated as two unidirectional roads. To locate the DWPT
facilities accurately in the network, each road segment is divided into a set of short links. The location
problem of charging facilities is then converted into determining whether to install charging facilities on
certain links. Consider a DWPT electric bus system that includes several bus lines. An independent
DWPT facility is located on a series of adjacent links. Let K denote the set of all electric bus lines. For the
convenience of modeling, the base station of a bus line k € K is represented by two nodes 0}, and O,
which denote the starting and ending points of a service loop, respectively. L is represented as node pairs
(i,j), where i,j € N and i # j. Let d;; denote the length of link (i, j). Let L, denote the set of all of the
links that form the route of bus line k and let N, denote the corresponding nodes, where L, and N, are
subsets of L and N, respectively.

2.3 Decision Variables

Our model has two groups of decision variables that determine the location of DWPT facilities and the
battery sizes of electric buses, respectively. Table 2.1 shows a summary of the variables introduced to
represent the location of DWPT facilities and to count the number of independent DWPT facilities. Table
2.2 shows a summary of the variables introduced to represent the battery sizes and battery levels of
electric buses. The specific definitions of these variables are introduced in the next section.

Table 2.1 Decision variables about DWPT facilities
Variables Type  Domain of Definition  Description
x;j = 1is equivalent to that a DWPT facility covers

Xij Binary Set of all links L

link (3, ).
_ . y; = 1 is equivalent to that node i is a starting point of a
v Binary Set of all nodes N DWPT facility.
' Binar Set of intersection z; = 1 is equivalent to that an incoming link (m, i) of
Zi Y nodes N* node i is covered by a DWPT facility.

Table 2.2 Decision variables about Batteries
Variables  Type Domain of Definition ~ Description

pmax Real Set of all electric bus e;*** represents the battery size for an electric bus line
k lines k.
Set of all nodes and all  ey,; represents the battery level at node i for an electric
€ki Real . . ;
electric bus lines bus line k.

2.4 Constraints

In this section, we introduce the constraints in the model, including constraints on DWPT facilities and on
energy requirements.



2.4.1 Constraints on DWPT Facilities

As introduced above, each independent DWPT facility consists of one inverter and a series of wireless
power transfer pads. These power transfer pads are installed on a set of adjacent links and they share one
inverter. To locate DWPT facilities in the network, a binary variable x;; is introduced for each link (i, j)
to represent whether it is covered by a DWPT facility.

o = {1 iflink (i, j) is covered by a DWPT facility
Yoo otherwise

)

The cost of a DWPT facility consists of the cost of an inverter and the cost of wireless power transfer
pads. The cost of an inverter is a fixed cost, because a DWPT facility needs an inverter regardless of the
length of the wireless power transfer pads. The cost of wireless power transfer pads should be a variable
cost depending on the length. In this study, we assume that the cost of wireless power transfer pads is
proportional to the length of the power transfer pads. To evaluate the total cost of DWPT facilities, we
must determine the number of inverters and the total length of wireless power transfer pads. Based on the
definition of binary variable x;;, the total length of power transfer pads can be readily given by
Z(i_j)EL(xijdij). As for the number of inverters (i.e., the number of independent DWPT facilities), new
variables are introduced to determine its value.

Because links in the network have directions, we can define the concept of starting points for DWPT
facilities as follows:

Definition 1: For a node i, if it has no incoming links or all of its incoming links (m, i) € L are not
covered by DWPT facilities, and it has one or more outgoing links (i, j) covered by a DWPT facility, the
node i is defined as a starting point of the DWPT facility.

As shown in Figure 2.2, a DWPT facility is built on a road segment represented by three links. Based on
the definition, the node i is a starting point of the DWPT facility.

i
o, e, g,

—— Link o Node
mmm, Link covered by a DWPT facility

Figure 2.2 Example of a Starting Point of a DWPT Facility

A binary variable y; is introduced to denote when node i is a starting point of a DWPT facility.

_ {1 if node i is a starting point of a DWPT facility
oo otherwise

()

Based on the definition of binary variables x;; and y;, the following conditional constraints are obtained.

y< Y VieN 3)
(i.j)ELt
v <1 -2 Vi € N,¥(m,i) € L] (4)



yizx= ) m Vi€ N,Y(i)) € L} ©)

(mi)eLy
x;; €{0,1} v(i,j) €L (6)
y; € {0,1} ViEN (7)

where L} and L7 are the set of outgoing and incoming links for node i € N, respectively.

For a node i € N, constraint (3) ensures that if it has no outgoing links, or all of its outgoing links (i, j)
are not covered by DWPT facilities, it cannot be a starting point for a DWPT facility. Constraint (4)
requires that if a node i has an incoming link (m, i) covered by a DWPT facility, it cannot be a starting
point for a DWPT facility. Constraint (5) ensures that if a node i has no incoming links, or all of its
incoming links (m, i) € L are not covered by DWPT facilities, and it has one or more outgoing links (i, j)
covered by a DWPT facility, node i must be a starting point of the DWPT facility.

The number of independent DWPT facilities can be easily given by ;¢ v; if each DWPT facility has
one and only one starting point. However, there are two cases in which a DWPT facility does not
correspond to a starting point. First, when a DWPT facility is built on a set of links that form a head-to-
tail cycle, it will have no starting point. Though potential cycles in the network can be detected
beforehand and one node in a cycle can be arbitrarily assigned to be the starting point, for simplicity, we
assume in this study that the network contains no directed cycles. Second, as shown in Figure 2.3, when a
DWPT facility is branch-like and covers two or more road segments—each of which is represented by a
set of links—that merge at the same intersection, it will have more than one starting point. Therefore,
Yien y; that represents the total number of starting points of DWPT facilities must be revised to get the
accurate number of DWPT facilities.

Link covered by a
DWPT facility

o Node e Starting point of a

DWPT facility

—— Link .,

Figure 2.3 A DWPT Facility that Covers an Intersection

Let NS denote the set of all intersection nodes. For each node i € N, a binary variable is introduced—
z;—to represent whether node i has incoming links covered by a DWPT facility.

7 = {1 if node i has incoming links covered by a DWPT facility ®)
o otherwise



This statement can be represented by the following constraints.

z; < Z Xmi Vi e N?® ©)
(mi)eL;
Zi = X Vi € N5,v(m,i) € L] (10)

Constraint (9) ensures that if all incoming links of the node i € N are not covered by any DWPT
facilities, z; will be zero. Constraint (10) ensures that if a node i € N° has one or more incoming links
(m, i) covered by a DWPT facility, z; will be one.

For anode i € N¥, each of its incoming links (m, i), if covered by a DWPT facility, can trace back to a
starting point of the DWPT facility. Thus, we can use Z(m,i)EL; Xm; to count the number of starting points

directing node i. In addition, binary variable z; indicates whether a node i € N has one or more
incoming links covered by a DWPT facility. Through subtracting Z(m,i)ELi_ Xmi — z; foreach node i € N*

from the total number of starting points Y;cy y;, we can obtain the accurate total number of DWPT

facilities as follows:
Z)’i - z Z Xmi — Zj

iEN {ENS \ (mDEL]
2.4.2 Constraints on Energy Requirement

For a DWPT electric bus system, its deployed DWPT facilities and equipped battery sizes should satisfy
the energy requirement for normal operations. Based on the network representation, the service route of
each electric bus line consists of a series of links. When an electric bus travels on these links, its battery
level will change due to the energy consumption and energy supply (i.e., possible charging from DWPT
facilities). For an electric bus of bus line k € K, let e,; denote its battery level at node i € N,, and when it
traverses a link (i, j) € Ly, let cy;; and sy;; denote the energy consumption and energy supply on link
(i, ), respectively, resulting in the following battery level recurrence equation:

kj = ki — Crij + Skij (i) € Ly (11)
To preserve battery life, the battery level of an electric bus should be in the range of lower and upper
limits.

eri < e’ vk € K,Vi € N, (12)

e = e’ vk € K,Vi € N, (13)

where ef° and e,’j” are the lower and upper limits of the battery level for electric buses on line k,
respectively. The e!® and e}j” are usually set by battery providers. Use beyond the range between el and
e}jp will damage the battery and thus shorten the battery life. Let e;*** denote the battery size of the
electric buses on line k € K. Usually ek’ and e, "are given by the following equations:

i vk € K (14)
e’ = effena* Vk €K (15)

where e° and €, Pare the predetermined coefficients, and 0 < e/’ < ¢, < 1.



Substituting Eg. (14) into constraint (12) and substituting Eq. (15) into constraint (13) yields the
following battery level constraints:

eri < €, enx vk € K,Vi € N, (16)
ey; = €emax vk € K,Vi € N, (17)

Additionally, decision variable e;*** should satisfy the following non-negativity constraints:
e * >0 Vk €K (18)

In a DWPT electric bus system, each electric bus is assumed to be fully charged when it starts from its
base station (i.e., see assumption 3). Therefore:

eri = e;;p = E;(ipelznax Vk € K,Vi = O} (29)

For an electric bus on line k € K, using Eq. (11) and Eg. (19), its battery level can be obtained at any
node i € Ny.

To evaluate the energy consumption and energy supply on each link, the following two models are
proposed.

2.4.3 Energy Consumption Model

The energy consumption of an electric bus depends on many factors, such as velocity, mass, road gradient
and use of accessory devices. A comprehensive formulation of c,;; is given as the following function:

Ckij = F(Vkij» Ukijo 01, Wiij)

where vy;; and vy are the average velocity and acceleration of an electric bus on line k in the range of
link (i, ), respectively. 6;; refers to the average grade of link (i, j). wy;; represents the total mass of an

electric bus on line k when it travels on link (i, j). Based on the energy consumption model proposed by
Wang et al. (2013), the energy consumption model of an electric bus is presented as follows:

p
Ckij = {m‘é’” (wijWkijE + Eapk(vkij)z)
+d;j (Th‘gutfz’gij +ni(1 - fl?ij)) Wkijﬁkij}

where @, is the rolling friction coefficient on link (i, j), € represents the gravity acceleration, p is the air
density, o is the coefficient of air resistance, and I}, represents the frontal area of an electric bus. n2** and
ni are the energy output and input efficiency of an electric bus on line k, respectively, and ng** > 1 >

ni™. Note that for simplicity, energy consumption of auxiliary electric devices, such as air conditioners
and lights, is not considered in our model, although it can be evaluated through the product of travel time
and the power of corresponding devices. ¢ is defined as follows:

o (L 6;>0
Stif‘{o, 6;; <0
1, U >0

v
$kij ‘{o, Vij < 0

V(i,j) € Ly

vk € K,V(i,j) € Ly



As mentioned in the introduction, the battery pack on a long-range all-electric bus can account for a
significant portion of the weight of the vehicle. With a smaller battery pack, the energy consumption of an
electric bus will also be reduced. To further consider the impact of the weight of the battery pack on the
energy consumption, we divide the total weight of an electric bus into a fixed part and a variable part,

where the variable part represents the weight of the battery pack. Let ka ¥ denote the fixed part of the

ij
weight of an electric bus and let w,ff‘jt denote the weight of the battery pack. The battery used in electric
buses is a pack of multiple battery cells, and the amount of the battery cells determines the energy
capacity and the weight. Therefore, without loss of generality, we assume that w,?g-t is given by the

following equation:

bat _ max
Wiij = bey

where b is a parameter representing the weight of battery pack per unit capacity. If we replace the wy;; in

equation (20) with w,{ii]?‘ + w,fi“jt, the energy consumption c;;; becomes the following linear function of

e

) ) , o )
Cij = {U}gut (wijwzgff + go'rk(vkij) ) + (nﬂutfiej +nit(1 - fg')) W;QL;CESWQU +d;; (Thgutfféij +
(1 - fllgij)) W;{ilff’kij} + {Tlﬁutwijf + (Th‘gutfigj +n(1— fiej)) esing;;j + d;; (m‘gutffgij +

N (1— &8) ) iy} bef e (21)
In this model, the parameters vy, Uy;;, 8;; and w,{ii]?‘ are all predefined input data. 6;; is determined by
the geological condition of the road network, which can be obtained from GIS data or through field
measurements. Based on assumption 4) that the speed profile and the number of boarding/alighting
passengers are predefined, vy;;, v4;;and w,fi‘f are all deterministic parameters. Thus, energy consumption
Ckij can be represented as the following simplified form:

— fix unit ,max
Crij = Ciij t Crij €k (22)

where c,{lljx = {n,‘guf (wijwkfilfs +2 0l (Vkij) ) + (n,‘zutfij +n(1- fij)) wkfilj?cssmeij +

dij (m‘é“ts‘zi’ij + Thicn(l - fllc}ij)) Wl{iijcvkij} and Czlg]l'it = {nlgutwijg + (m‘é“ts‘f} + Thicn(l - fg')) esindy;; +
dij (n;guff;jij +ni(1- fl?ij)) ﬁkzj} b. c,fii]’.‘ and ciifi'* are predetermined parameters. c,fii]’.‘ represents the
fixed part of energy consumption while c,’j{]‘-iteﬁax represents the energy consumption caused by the
weight of the battery pack.

Note that this model excludes the possible energy input from DWPT facilities. The energy supply model
is given below.

2.4.4 Energy Supply Model

Ifalink (i, /) € Ly is covered by a DWPT facility, the energy supply sy;; will be determined by the
charging rate and actual charging time. For simplicity, in our model, we assume the charging rate of
DWPT facilities is constant. Let p denote the charging rate, which is also the energy supply rate. Let t;;;
denote the travel time of an electric bus of line k on link (i, j) € L. Every link in the bus network is a
candidate location for DWPT facilities. Since binary variable x;; represents whether link (i, j) is covered
by a DWPT facility, the maximum potential energy supply on link (i, j) € L for an electric bus on line k
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can be given by x;;pty;;. Moreover, assume that bus drivers can decide whether to charge when electric
buses are moving on a DWPT facility, the actual energy supply sy;; then should satisfy the following
constraints:

Skij = XijPlkij vk € K,V(i,j) € Ly (23)
Skij = 0 vk € K,V(i,j) € Ly (24)

Substituting Eq. (11) into constraints (23) and (24) and replacing c;;; with equation (22) provides two
additional battery level constraints as follows:

ekj < eri — C,{Ll]x - C]I(ilf}itelrcnax + xijptkl-j Vk € K,V(l,j) € Lk (25)
exj = ey — c,)::f - c}j{]‘-ite,ﬁna" vk € K,V(i,j) € Ly (26)

Note that in our model, the degeneration of batteries is not considered. It is assumed that the battery
capacity of an electric bus will not change during its service life. In the system level design, ignoring the
change of battery capacity is a common practice (Jang et al., 2015; Ashtari et al., 2012; Mohrehkesh and
Nadeem, 2011).

2.5 System Optimization Model of a DWPT Electric Bus System

The objective function of the model is the total cost of batteries and DWPT facilities. Based on the
service life of batteries and DWPT facilities, we amortize the cost over the lifespan of a DWPT electric
bus system. As a result, all of the costs mentioned below are the amortized costs. The cost of DWPT
facilities includes the fixed and variable costs, as aforementioned. The fixed cost of a DWPT facility is
denoted as a’™*, and the variable cost per unit length is denoted as a?®". In Section 2.4.1, we have
obtained the total length and total number of DWPT facilities. Thus, the total cost of DWPT facilities can
be given by the following:

ix var
) = D D wmim ) m |k ) dx
iEN IENS (m,i)EL] {ENS (i,j)EL

The cost of a battery depends on its capacity. The battery used in electric buses is a pack of multiple
battery cells, and the amount of the battery cells determines the energy capacity and cost. Here, we adopt
the widely used approximation that the battery cost is linearly proportional to the battery capacity (Li,
2013). Battery cost per unit capacity is denoted as a?®t. Let ¢, denote the number of electric buses that
operate on line k. This parameter is predetermined. For a DWPT electric bus system, the total cost of the

batteries is as follows:
abat 2 (kelrcnax

kEK
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Based on all the discussions above, a system optimization model (S1) was developed for a DWPT electric
bus system as follows. For completeness, we repeat some previously presented constrains here.

(Sl) (xy?’lézl oma) afix Eyl _ Z Z Xmi — Z Zi + qvar Z dinij
ij,YiZi,€ki €

iEN LENS (m,i)EL] iENS (i,j)eL
+ abat z (kelznax
kex
S.t.
Yi s Z Xij VieN 27)
@peLf
Vi <1—2xp; Vi e N,V(m,i) € L; (28)
Vi = Xij — 2 Xmi Vi€ N,V(i,j) € L} (29)
(m,i)eL;
Zi S Xmi Vi € NS (30)
(m,DEL]
Zi 2 Xmi Vi € N5, V(m,i) € L; (31)
x;; €{0,1} V(i,j) €L (32)
yi €{0,1} VieEN (33)
z; €{0,1} Vi € NS (34)
eri = €, emx Vk € K,Vi = O} (35)
ekj < eri — C,{Ll]x - C%g}iteﬁnax + ptkijxl-j Vk € K,V(l,j) € Lk (36)
exj = ey — c,);lf - c}j{]‘-ite,ﬁna" vk € K,V(i,j) € Ly (37)
eri < E,l‘pe,in“x Vk € K,Vi € N, (38)
ey; = €emax Vk € K,Vi € Ny, (39)
et >0 vk € K (40)
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3. ROBUST FORMULATION

3.1 Robust Optimization

Although the proposed deterministic model can solve the optimal design problem of a DWPT electric bus
system, the solution to an optimization problem could be sensitive to perturbations in the parameters of
the problem. Without considering the parameters’ uncertainty, the optimal solutions could be infeasible
and suboptimal (Bertsimas et al., 2011). In the domain of planning, much attention has been given to data
uncertainty in past years, and various modeling techniques are used to address the uncertainty of input
data and parameters. The main approaches consist of two groups: stochastic programming (SP) and robust
optimization (RO). The SP approach assumes the uncertain data to be random and requires known
probability distribution. Moreover, the commonly used chance-constrained programming in SP is rarely
computationally tractable.

On the other hand, the RO approach includes scenario-based RO and set-based RO. The scenario-based
RO approach for general linear programming (LP) problems was first proposed by Mulvey et al. (1995).
This approach has been used in the network design problem (NDP) (see Karoonsoontawong and Waller,
2007; Ukkusuri et al., 2007) and traffic signal timing (see Yin, 2008). The scenario-based RO approach
also requires the probability of each scenario, and the computational work could be very expensive when
the number of scenarios is large. In the set-based RO approach, the uncertain parameters are considered in
a given set, and the solutions need to be feasible for any realization of the uncertainty in the set. Thus, the
set-based RO model is not stochastic but rather deterministic. The theoretical framework of the set-based
RO approach has been developed and improved by many researchers (e.g., Ben-Tal and Nemirovski,
1998; Ben-Tal and Nemirovski, 1999; El Ghaoui and Lebret, 1997; EI Ghaoui et al., 1998). The
application of the set-based RO approach has also been identified in many study areas. Ben-Tal et al.
(2011) considered the demand uncertainty in humanitarian relief supply chains and proposed a
methodology to provide a robust logistics plan. A polyhedral uncertainty set, which is the intersection of
the box uncertainty set and the budget uncertainty set, is used to bind demand uncertainty. Additionally,
the affinely adjustable robust counterpart (AARC) approach is adopted to consider “wait and see”
decisions and to provide less-conservative solutions. Lu (2013) developed a robust multi-period fleet
allocation model for bike-sharing systems by considering the time-dependent demand with convex hull
and ellipsoidal uncertainty sets. Chung et al. (2011) applied the RO approach in the dynamic network
design problem and used a box uncertainty set to characterize demand uncertainty. Evers et al. (2014)
considered uncertain fuel consumption in the mission planning problem of unmanned aerial vehicles
(UAVs). Different uncertainty sets, including box uncertainty set, budget uncertainty set, ellipsoid
uncertainty set and their intersections, are adopted to describe the fuel consumption uncertainty.

In this section, based on the newly developed model regarding the optimal design of a DWPT electric bus
system, we further propose the robust counterpart model. The uncertainty of energy consumption and
energy supply of electric buses is explicitly considered. The approach developed by Ben-Tal et al. (2009)
is used to derive the robust counterpart for a given uncertainty set.

3.2 Uncertainty Set

In the robust model, the fixed part of energy consumption c,’:f]x and maximum possible charging time ¢;;;

are no longer deterministic. Instead, they are given by an uncertainty set. Let c‘,’:f]x and t,;; denote the

expected value of c,’:f]x and ¢;;, respectively, and let c,ff]x and ; denote the maximum deviation of c,’:f]x

and ty;;, respectively. The actual realizations of c,{ii]’.‘ and t,;; can then be expressed by the following:
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fix _ —fix ~Afix
Ciij = Ciij t PrijCrij

trij = Erij + Vrijtiij
where @y;;, ¥y € [—1,1]. The uncertainty of c,fl‘]x and ty;; can be then represented by variable
realizations of ¢,;; and ;. The commonly used box uncertainty set is given as follows:

@, € U}?oxl — {q)k € ]R|Lk|| [Pl <1 } = {d)k € ]RlLk|| (ir’%gkkpkiﬂ = 1}

Y, € UP? = (W, e R @l <1} = {‘Pk € Rl (max [Wiij| < 1}
LJ)ELk
where @, is a vector of {---, @y, -+ } and Wy is a vector of {---, 3y, - }, (i, /) € L. |Ly| represents the

total number of links in set Ly. [[®ylleo = max |@g;| and [Plle = max |1y;| are the maximum
(l,])ELk (ll])ELk

norms of &, and ¥, respectively. Note that for simplicity, it is assumed that &, and ¥, belong to two
independent uncertainty sets, even though there can be additional constraints for the uncertainty set to
consider the correlation between them. Additionally, uncertainty sets for different bus lines are also
assumed to be independent. The uncertainty level of the box uncertainty set can be represented by the
ratio of maximum deviation and the expected value (i.e. c,{;f/c-,{;f and &y /Eij)-

In practice, it is too conservative to assume that all the parameters with uncertainty can reach their
extreme value simultaneously. Thus, we usually use an additional uncertainty set to cut the corner of the
box set by taking the intersection of the two sets. For this problem, we adopt the so-called budget
uncertainty set, which is given as follows:

bud
@ € U™ gett = {or € RILK| ||y |l; < ay }={o, € RILK | z |<Pkij| < ag
(L)€L

Wi € UL = (W € RIH| Wl < i} ={ W € R D[] < B

(L)ELg

where [| P lly = X jyer,| x| and 1Welly = T jyer, [Wrij| are the 1-norms of &, and Wy, respectively.
ay and 3, are the predefined upper bounds (e.g., the uncertainty budget) of the sum of the absolute values
of ¢;; and ¥y, respectively. The uncertainty level of the budget uncertainty set can be represented by
the ratio of the uncertainty budget and the corresponding total number of parameters with uncertainty
(i.e., ax/|L| and By /|Lk|). The intersection uncertainty set is given by the following:

@y € UE = UPOX n U9 = (@) € R |0 llr < 1, 19 Ml1 < o }
¥, € U = UPO*2 n UM% = (W, € R [Pl < 1, 11%lly < Bi }

whose uncertainty level is determined by the combination of the uncertainty level of the box uncertainty
set and that of the budget uncertainty set.
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3.3 Robust Counterpart

In this part, we introduce the robust counterpart of the proposed deterministic model and demonstrate that
the traditional robust counterpart is too conservative for this problem.

According to Ben-Tal et al. (2009), the so-called robust counterpart (RC) of the deterministic model S1
can be obtained by replacing constraints (36) and (37), which are influenced by the parameters with
uncertainty, with the following constraints:

erj < ey — (5;{5‘ + (Pkijélfil;C) — il el + p(Tij + Wiijtiij )Xo
vk € K,V(l,]) € Lk'V(pkij € Ul:clij'v"'/}kij € UIEU (41)

max

_fix Afix i
f f ) _ Cumtek

€rj = €ki — (Ckij + PrijCiij kij
Yk € K,V(i,)) € L, Yoii; € Uy (42)

where Ug;; = {@yij| P € Ug}and Ug;; = {ii;] Wi € Uy} denote the respective projections of Uy and
UZ on the space of data of the constraint (36) corresponding to link (i, j) € L. These can be easily
obtained as follows:

Orij € Urij = {@kijl =1 < @rij < L || < i}
Yrij € Ugij = (Wiijl =1 < Yryj < L, |nas| < Bie}

Usually, ay, By € [1, |Lk|]. Thus, Uy;; and Ug;; degrade to the following sets:

Prij € Upij = {@nijl —1 < @pij <1}
Yiij € Ugij = (rijl =1 < ¥y < 1)

which are identical to the respective projections of box uncertainty sets U2°*! and UP°*2. Because the
linkage between different constraints is broken by the projection process, the budget uncertainty sets
become ineffective. Thus, the traditional robust counterpart will provide the most conservative solution,
which corresponds to the condition that all the parameters with uncertainty reach their worst-case value
simultaneously. Note that the worst-case scenario for energy consumption parameters occurs when they
all reach the largest value, while the worst-case scenario for possible charging time parameters occurs
when they all reach their smallest value simultaneously.

To provide a less conservative robust formulation, the more advanced concept of Adjustable Robust
Counterpart (ARC) is considered.

3.4 Adjustable Robust Counterpart

To address the conservatism of RC in some application, Ben-Tal et al. (2004) developed a more advanced
concept of ARC. In RC, there is an assumption that all decision variables represent “here and now”
decisions, and they should be assigned specific numerical values as a result of solving the problem before
the actual data “reveals itself” (Ben-Tal et al., 2009). As a relaxation of this assumption, the ARC allows
some of the decision variables, which include auxiliary variables (e.g., slack or surplus variables) and
variables representing “wait and see” decisions (i.e., decisions that can be made when part of the
uncertain data become known) (Ben-Tal et al., 2004), to be adjustable based on different realizations of
uncertain data through introducing functional relationships between decision variables and uncertain data.
Thus, the optimal solution of an adjustable variable will be a determinate function of uncertain data rather
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than a single value. The value of an adjustable variable will not be determined until the actual value of
uncertain data reveals itself.

In the deterministic model S1, the decision variables include x;;, y;, z;, ex;, and e***. x;;, y;, and z;

indicate the locations of power transmitters. e;*** represents the battery size of each electric bus line. ey;
denotes the battery level of an electric bus on line k at node i. From the perspective of system planning,
the location of each DWPT facility and the battery size of every electric bus should be determined before
building a DWPT electric bus system. Thus, decision variables x;;, y;, z;, and ef*** should represent
“here and now” decisions and should not be adjustable variables. However, the variable e;;, which
denotes the battery level of an electric bus on line k after the bus traverses all links from the base station
to node i, should represent a “wait and see” decision, because given the uncertainty of energy
consumption and possible charging time, the battery level of an electric bus on line k at node i should be
dependent on the actual energy consumption and charging time of every link passed rather than a
predetermined value. Hence, variable e;; should be an adjustable variable.

To obtain the ARC of our problem, the adjustable variable e;; is to be replaced by a function of uncertain
data. As discussed above, e;; should be based on the uncertain data of all links passed (i.e., part of the
uncertain data). Let L%, where i € N, denote the set of all of the links from the starting point of base
station of line k, along the route of line k, to node i. Let d)fc denote the vector of {-*-, @xmn, -+ }, and LP,i
denote the vector of {-++, Ymn, - }, Where (m,n) € L. Note that every element @y, in vector ®% is
also an element in vector @y, and every element 1y, in vector W is also an element in vector ¥y,
namely, that %, and W} are respective projections of @, and ¥, from the space of RI“xlto the space of

R'LH. Let ey; (PL, W}) denote the functional relationship between the adjustable variable e;; and the

uncertain data @}, and W}. The ARC of the problem then can be obtained by replacing constraints (35),
(36), (37), (38) and (39) in S1 with the following constraints.

ei (DL, L) = e, P enax Vk € K,Vi = 0§, v, € U, v} € U2 (43)
o o £ fi vk € K,V(i,j) €L
ewi (@ W) < ew(@h ¥ = (6l + 0wty Vol € UEL, v € U (44)

unit

— il el 4 p(Erij + Wiijtiij )i vo] e Uy vl e UY

o o i vk € K,v(i,j) € L
exj (@, W)) 2 e (@, W) — (T + ouiiclsy) k

i 1i i 2i
_ ounit gmax Pk € U, VHic € Ui (45)

kij €k veo, e U/, V¥, € U,
e (PL, W) < €, e Vk € K,Vi € N, VO, € UL, vW} € U (46)
eri(PL, W) = elfenax Vk € K,Vi € N, VO, € U, vW} € U (47)

where ULt = {CIJ,%c € ]R{|LL’<||<D,< € U,%} and U2 = {LP,Q € R'LHPPk € U,f} are respective projections of U}

and U2 on the space of data of all links within L.

To obtain tractable ARC, Ben-Tal et al. (2004) suggested restricting the functional relationship between

adjustable variables and uncertain data to be affine, namely, that e;; (%, W}) is given as the following
linear function:

eki((b;'c'q’li) = 6lic + Z A;'cmn Prmn + Z ﬂ;.cmn 1:bkmn (48)

(mn) EL‘}c (mn) EL‘}c

where &%, AL, and ik, are new decision variables that are nonadjustable.
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Substituting all e,; (P, W.) in ARC by Eq. (48) gives the so-called affinely adjustable robust counterpart
(AARC). For completeness, we repeat some previously presented constraints here.

(S—AARC):( nglgrilli al* Eyi - Z 2 Xmi + Z zi ¢ +a’" Z dijxij
XipYiZi€r Ot

mnHiann) ien {ENS (mDeL iens (i, neL
+ aqbat Z (kelTax
kek
s.t.
Yi = Z Xij VieN (49)
(i )eLt
Vi <1 =2 Vi€ N,V(m,i) € L} (50)
Yi = Xij ~ Z Xmi Vi € N,V(i,j) € L} (51)
(mDEeL;
Zi = Z Xmi Vi € NS (52)
(mDEeL;
Zi 2 Xmi Vi € NS,V(m, l) € Ll_ (53)
x;; € {0,1} v(i,j) €L (54)
y; € {0,1} ViEeEN (55)
z; €{0,1} Vi € N (56)
St =€, X vk € K,Vi = 0 (57)
6; + Z A]kmn (pkmn + Z l’limn l/)kmn
(mn)eL), (mn)eL), vk € K,V(i,)) € Ly
. . . i 1i i 2i
(mmeLl, (mmeL, Vo, €U, V¥ € Uy
—(C_;{Llf + fpkijé;{ilf) — cii e + p(Tuij + Yrajituij ) %)
6}i + 2 A{(mn Prkmn + 2 /J';](mn lpkmn
(mn)eL), (mn)eL), vk € K,Y(i,)) € Ly
, : - i 1i i 2i
= 6llc + Z /‘l;cmn Prmn + 2 :u;cmn lpkmn vq);? € U’fj’vlp’f € U’;J. (59)
(m,n)eLL}c (m,n)eL‘}( VQ)k € Uk 'vl‘uk € Uk
_(Elfil;c + (pkijélfil;C) _ C}zéir]l,ztegax
6;; + Z Agcmn Prmn T Z :u]icmn Yimn < E:Pelrcnax vk LE K, ‘V;ll € Nlic’ .y (60)
(mmyeLl, (mmyeLl, Vo € Ui, V¥ € Uj
6lic + Z /‘lll;cmn Prmn + 2 l";.cmn lpkmn = E}l{oelrcnax vk LE K' ‘V;ll € Nlif’ 2 (61)
(mmyeLl, (mmyeLl, Vo, € Uy, V¥ € Uj
e >0 vk € K (62)

Note that for constraint (57), since i = 0, L, is a null set, e;; (d%, WL) equals 8} In the above
formulation S-AARC, there are a finite number of variables and an infinite number of constraints. Thus,
S-AARC is a semi-infinite programming problem, which is intractable.
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3.5 Tractable and Equivalent Reformulation of S-AARC

All constraints (58), (59), (60) and (61) have a continuum of constraints, and it makes S-AARC
intractable. Rearrange constraints (58), (59), (60) and (61) as follows:

Z (Akmn gcmn) Prmn t (Akl] + CA;{Z]x)(PkU + z 0 x Prmn

(mmn)eLl (m,n)ELk\L{(
+ (=t Wimn + (1 — Dl % Vs + 0 x
Hemn — Kkmn l/kan .ukij p kl]xL] l/Jkl] l/)kmn
(m,n)€Lj, (m,n)ELk\L{c

< 5]% - 5] - C_'I{Ll]x - C]I:lr]utelznax + pfkl-jxl-j
Vk € K,V(i,j) € Ly

Vb, € UL, VY, € U? (62)
Z (Akmn kmn) Prmn + ( A{CU - é}{fjc)(pkl] z 0 % Pkmn
(mmn)eLl (mm)eL\L,
+ Z (ﬂ;.cmn - .u]]cmn) 1:bkmn + (_:uiij)lpkij + 2 0 % 1:bkmn
(mn)€Lf, (m,n)ELk\L{c
< 8] — 6L+ e+ cpniteex
vk € K,V(i,j) € Ly (63)
Vb, € UL, VY, € U?
Z /‘lll;cmn Prmn + Z 0 x Prmn + 2 :u]icmn lpkmn + 2 0 x 1:bkmn
(m, n)eLi (mn)€eL k\LL}( (m,n)eL‘}( (mn)€eL k\L‘}(
< Eup max 6l
vk € K,Vi € N,
Vb, € UL, V¥, € U? (64)
Z ( —A mn) (pkmn 2 0 x Prmn
(m,n)eLﬁc (m,n)ELk\LL}(
+ 2 (_:u]icmn) lpkmn + Z 0 x 1:bkmn
(m,n)eL‘}( (m,n)ELk\L‘}c
< —elfeh* 4§
vk € K,Vi € Ny, (65)

vV, € UL, V¥, € U?
where L, \L, = {(m,n)|(m,n) € L, (m,n) & Lﬁc} Note that included are uncertain parameters @ ymn
and Yymn Of all links (m, n) € Ly, in each piece of constraint. For those parameters @ ymn and Yym, that
should not appear, coefficients 0 are assigned to them.

Let V denote the vector including all the variables Ay, fkmn, 6f, and x;; (k € K, i € Ny, (m,n) €

L, (i,)) € Ly). Let £(V), g(V), and h(V) denote affine functions of V. Each piece of constraint in (62),
(63), (64) and (65) (i.e., for a certain electric bus line k € K, and for a certain link (i, j) € L or a certain
node i € N;,) can be represented with the following general form:
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Prmn fkimn(V) + 2 lpkmnglicmn(v) = h;'c(V) vV, € U’%’vtpk € U]? (66)

(mn)€ELy (mn)€ELy
where fii.... (V) and gi.,,,,, (V) correspond to the coefficients of @y, and Yymy, respectively, and ht (V)
represent the right hand side values. They will have different forms for constraints (62), (63), (64) and

(65). Note that constraints (62) and (63) are link-based constraints, and the superscript i in constraint (66)
denotes the start node of link (i, j) € Ly.

Here, we state and prove an equivalent reformation of constraint (66).

Proposition 1. Constraint (66) is equivalent to the following system of constraints.

Vimn + Ve + Z Viemn + Biviek < hie (V) (67)
(mn)€ELy (mn)€ELy

Whrnn + Omn = flmn (V) V(m,n) € Ly (68)

Ol + Oltmn = Jhmn V), V(m,n) € Ly (69)

~Yiemn < Ofimn < Viemn V(m,n) € Ly (70)

Vi < Wk <V V(m,n) € Ly (72)

~Yionn < Okmn < Vienn V(m,n) € Ly (72)

—Vit < Wignn < Vit v(m,n) € Ly (73)

where wil, . w2 0B, and wit, . are dual variables; yiL,,., vi2, vi2,,, and yi* are auxiliary

variables.
Proof. The equivalence can be proved using the duality theory. See Appendix A for the proof.

Each piece of constraints in (62), (63), (64), and (65) in problem S-AARC, after being reformulated as the
general form (66), can be equivalently replaced by a system of constraints (67) to (73), which obviously
have finite number of constraints. Thus, the original semi-infinite programming problem (S-AARC),
which is intractable, can be equivalently reformulated as a tractable mathematical programming problem.
The tractable reformulation of S-AARC, denoted as S-AARC-T, is provided in Appendix B. S-AARC-T
is a mixed integer linear programming (MILP) problem, and it can be easily solved by commercial
solvers such as CPLEX 12.1 (IBM ILOG, 2009).
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4. NUMERICAL STUDY

To demonstrate effectiveness of the proposed models, two numerical studies are presented. The first case
study is based on the campus bus system of Utah State University (USU) in Logan, Utah. The second
case study is based on the bus system of downtown Salt Lake City (SLC), Utah.

4.1 The Bus Systems
4.1.1 The Campus Bus System of Utah State University

Figure 4.1 (a) shows routes of the campus bus system of USU. In total, there are four lines operating in
the bus system. Assume that the university wants to transform this bus system to a DWPT electric bus
system, in which case the location of DWPT facilities and the battery size of each electric bus need to be
optimally determined. Four lines share the same base station; the red line and the green line operate
clockwise; and the blue line and the purple line operate counter-clockwise. The network representation of
the bus system can be then obtained, as shown in Figure 4.1 (b). The service loop and the number of
buses of each line are given in Table 4.1. Four lines share the same base station, which is represented by
node 1 and node 0. Electric buses start each service loop from node 1 and return to node 0 after finishing
each service loop. Note that each link in Figure 4.1 (b) will be further divided into short links in our
model.
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1 4 In T
ﬁ Q %ﬁ o mﬁé@u‘ Kggie Shuttle Day Routes 28 27
2014-2015 4 [
31 32
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o Monday- Friday Tam 530pm
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Figure 4.4 USU Campus Bus System. (a) Bus Route Map; (b) Network Representation
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Table 4.3 Service Loop of Four Lines

. Number
Line Loop of buses
Red 1-2-3-7-8-9-10-11-12-14-15-16-17-18-19-20-21-22-23-24-25-26-13-0 4

Green 1-2-3-4-5-6-7-8-9-10-11-12-13-0 4
Blue 1-2-33-34-35-24-25-26-13-0 4
Purple 1-27-28-29-30-31-32-34-35-24-25-26-13-0 4

4.1.2 The Bus System of Salt Lake City

Figure 4.2 (a) shows the routes of the bus system considered in downtown SLC. Totally, the bus system
includes eight bus lines (i.e., line 2, 2X, 3, 6, 11, 500, 519, 520). The simplified network representation of
the bus system is shown in Figure 4.2 (b). Eight lines in the system share a base station at node 1. Table
4.2 shows the service loop and the number of buses for each line. The number of buses on each line is
obtained based on the actual data of the SLC bus system.
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Figure 4.5 SLC Bus System. (a) Bus Route Map; (b) Network Representation
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Table 4.4 Service Loops and Number of Buses for 8 Lines

. . Number
Line Service Loop of BUSES
2 1-2-3-61-62-63-60-64-65-66-67-68-67-66-65-64-60-63-62-61-3-2-1 6
2X 1-2-3-61-62-63-73-74-75-69-67-68-67-66-65-64-60-63-62-61-3-2-1 6
3 1-2-3-61-5-29-35-38-45-44-53-55-56-60-63-73-74-76-77-78-79-84-85-84-83-78- 4

77-76-74-73-63-60-56-55-53-44-39-34-35-29-5-61-3-2-1
6 1-2-3-4-5-29-35-38-39-40-42-43-52-53-57-58-59-60-64-65-66-67-68-67-66-65-64- 4
60-59-58-55-54-52-43-42-40-39-34-35-29-5-4-6-7-8-9-10-7-6-4-3-2-1
11 1-2-3-61-62-36-37-38-39-40-42-41-47-46-48-49-50-51-56-60-64-65-66-67-68-67- 4
66-65-64-60-56-51-50-49-48-46-47-41-42-40-39-34-35-36-62-61-3-2-1
1-2-71-72-62-36-35-29-30-31-32-33-30-29-5-4-6-7-8-9-10-7-6-4-5-29-35-36-62-

500 72-71-2-1 4
519  1-2-3-4-6-11-28-27-26-25-24-23-22-21-20-19-18-17-16-15-14-13-12-11-6-4-3-2-1

520  1-2-3-4-6-11-12-13-14-15-16-17-18-19-20-21-22-23-24-25-26-27-28-11-6-4-3-2-1

w w

4.2 Parameters of the Deterministic Model

The length of all road segments in the USU campus bus system is 1.24 kilometers. The network is divided
into 248 links. The SLC bus system covers 91.4 kilometers of road segments and is divided into 457
links. To evaluate the energy consumption on each link for each bus line, the parameters in the energy
consumption model must be determined. Table 4.3 shows a summary of the parameters we used in our
model. For simplicity, we assume that all roads in the two networks have the same friction factor, that all

bus lines use the same type of electric buses, and that the fixed part of total mass w,{i‘j‘ is constant. The
slope 6;; is calculated based on the Digital Elevation Model (DEM) data from the Utah Automated
Geographic Reference Center (AGRC). For a link beyond the influence of stations, stop signs and
sidewalks, it is assumed that the acceleration rate of an electric bus on the link is zero, and the average
speed is equal to the speed limit on the link. For a link in the influence of stations, stop signs and
sidewalks, we assume that an electric bus on the link has a constant acceleration and deceleration rate
with the value of 0.27¢, which is the comfortable deceleration rate defined by Highway Capacity Manual
(HCM) (TRB, 2010), and that the average speed can be calculated through dividing link length by travel
time. Moreover, we assume that each electric bus will always stop at its bus station for 50 seconds and
will always decelerate to stop at stop signs and sidewalks. Note that the speed profile of each bus line is
assumed to be predefined in our deterministic model. Based on these parameters, we can calculate the
fixed part of energy consumption on each link for each electric bus line. The weight of battery pack per
unit capacity is calculated based on the data from Bi et al. (2015). Parameters regarding DWPT facilities
and batteries are given in Table 4.4. Note that the service life of DWPT facilities is assumed to be 30
years, and the battery life is assumed to be two years. The cost of DWPT facilities and batteries is the
amortized cost. Note that, when calculating the amortized cost, the discount rate should be considered.
For simplicity, we assume that the discount rate and the battery price are constant over time. Let ¢ denote
the discount rate and let ¢ denote the battery price per unit capacity. Then the amortized battery price a?%t
is calculated as follows:

1 Y
-1
g1+0)

7€{1,3,5,,2
The battery price and the discount rate are assumed to be $230/kWh and 0.01, respectively, and the
amortized battery price is calculated to be $100/kWh. The DWPT facilities are deployed before the
operation of an electric bus system. For simplicity, we assume that the investment of the DWPT facilities
is implemented in the first year of the service life. Thus, the impact of the discount rate on the amortized
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cost of DWPT facilities can be ignored, and it can be assumed that all electric buses use the same type of
batteries.

Table 4.5 Parameters Pertaining to Energy Consumption Model

Notation Description Value
@) Friction factor 0.02
w,{ilf Fixed part of total mass (kg) 20,400
£ Gravity acceleration (m/s?) 9.81
p Air density (kg/m3) 1.2
o Air resistance coefficient 0.7
I Bus frontal area (m?) 7.5
nout Energy output efficiency 60%
nin Energy input efficiency 50%
b Weight of battery pack per unit capacity (kg/kwh) 11.36
Table 4.6 Parameters Pertaining to DWPT Facilities and Batteries
Notation Description Value
p Energy supply rate (kW) 80
afix Amortized fixed cost of power transmitters ($) 20,000/30
a’*r Amortized variable cost of power transmitters ($) 200/30
abat Amortized cost of battery ($/kWh) 100
(i Number of electric buses on line k 4
ele Battery level lower bound coefficient 0.5
€l Battery level upper bound coefficient 0.8

4.3 Results of the Deterministic Models

Based on the network of the bus system of USU, a model is obtained with 1,361 variables (501 binary
variables) and 1,812 constraints. GAMS (Rosenthal, 2012) and CPLEX solver (IBM ILOG, 2009) are
used to solve our model. It only takes less than one second to solve the model with a 0.001% relative
optimality gap. The optimal solution is shown in Table 4.5. A total of 16 DWPT facilities are allocated in
the bus network. The total length of DWPT facilities is 2,750 m, which is only about 22.2 percent of the
total length of road segments in the bus network. Figure 4.3 shows the specific location of each DWPT
facility in the bus network. It is observed that the DWPT facilities are primarily located around bus
stations and turning points where buses will stop for a while. This result is reasonable because the energy
supply from a DWPT facility is proportional to the travel time of an electric bus on the DWPT facility. It
is more efficient to build DWPT facilities around bus stations and stop signs. Note that there are two
DWPT facilities that are built around intersections and have two separate starting points, but in this
model, each will be treated as one DWPT facility. In addition, it is also observed from Figure 4.3 that four
DWPT facilities are shared by two bus lines and one DWPT facility is shared by all four bus lines.

Total cost for the DWPT electric bus system is $2,731,724. In this model, total cost includes the cost of
DWPT facilities and batteries. The cost of building 16 power transmitters of 2,750 m long is $870,000.
The battery on each bus must be replaced with a new battery every two years. The total battery cost in 30
years is $1,861,724.
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Table 4.7 Results of the Nominal Model

Result Value
Total cost (30 years) $2,731,724
Red (#1) 55.6 kWh
Battery size Green (#2) 21.8 kWh
Blue (#3) 32.5 kWh
Purple (#4) 45.2 kWh
Total battery cost (30 years) $1,861,724
Number of DWPT facilities 16
Total fixed cost of DWPT facilities (30 years) $320,000
Total length of DWPT facilities 2,750 m
Total variable cost of DWPT facilities (30 years) $550,000

- - Power Transfer Pad

[ . e Bus Station

Nax

S
) < >

Figure 4.6 The Optimal Layout of Power Transmitters

To demonstrate the economic benefits of implementing the DWPT technique in an electric bus system,
we compare the minimum total cost of building a DWPT electric bus system at USU with that of building
a traditional stationary charging electric bus system. By solving the deterministic optimization model of a
DWPT electric bus system with given parameters, the optimal design of battery sizes can be obtained for
a stationary charging electric bus system. Table 4.6 shows the comparison of battery sizes between the
DWPT electric bus system and the stationary charging electric bus system, and Table 4.7 shows the total
cost comparison. Note that the cost of stationary charging facilities is not considered because both
systems require stationary chargers at the base station. Table 4.6 indicates that all four lines in the DWPT
electric bus system have a smaller battery size than in the stationary charging electric bus system. Table
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4.7 shows that the total cost of a stationary charging electric bus system is $3,432,497, whereas the total
cost of the DWPT electric bus system is $2,731,724. With the implementation of DWPT facilities, the
DWPT electric bus system could reduce the total cost of the stationary charging electric bus system by
20.4 percent. Although the DWPT electric bus system requires additional investments in DWPT
infrastructure, its battery cost is much lower than the stationary charging electric bus system.

The deterministic model for the SLC bus system can be further solved. The model has 1,690 variables
(937 binary variables) and 3,707 constraints. It only takes 4.98 seconds to solve the model with a 0.001
percent relative optimality gap. The total cost for the DWPT electric bus system is $9,248,331, including
the $3,780,000 cost for DWPT facilities and the $5,468,331 cost for 30 years of batteries.

Table 4.8 Battery Size Comparison Between the DWPT Electric Bus System and the Stationary
Charging Electric Bus System

. Battery Capacity(kWh) . .
Shuttle Line Stationary Charging DWPT Battery Size Reduction
Red (#1) 97.7 55.6 43.1%
Green (#2) 54.5 21.8 60.0%
Blue (#3) 475 325 31.6%
Purple (#4) 86.4 45.2 47.7%

Table 4.9 Total Cost Comparison between the DWPT Electric Bus System and the Stationary Charging
Electric Bus System

Cost($)
Items - -
Stationary charging DWPT
Battery 3,432,497 1,861,724
Power track fixed cost - 320,000
Power track variable cost - 550,000 Total cost reduction
Total 3,432,497 2,731,724 20.4%

4.4 Uncertainty Set of the Robust Model

As introduced in Section 3.2, the uncertainty set in our robust model is the intersection of the box
uncertainty set and the budget uncertainty set. The uncertainty level is determined by the combination of
the uncertainty level of the box uncertainty set and that of the budget uncertainty set. For simplicity, we

assume that all four bus lines have the same uncertainty level. The ratios c,’:f]x/c‘,fll]x and fkij/fkl-j, which

determine the respective uncertainty level of the box uncertainty set for energy consumption and travel
time, are assigned the same value. In addition, the ratios a; /|L;| and S /|Lk|, which determine the
respective uncertainty level of the budget uncertainty set for energy consumption and travel time, are also
set to be the same. Let y?°* and y?%“49¢t denote the uncertainty level parameters of the box uncertainty
set and the budget uncertainty set, respectively. y?°* and y?“49¢t are given by

~Afix 2
A
/ ; ..
ybox =Tlifx=f_f{ Vk € K,V(i,j) €L
Chij kU

budget — Ok _ 'Bk

=— Vk €K
\Liel Lkl

X
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For the USU campus bus system, to investigate the influence of the uncertainty level on the total cost and
the optimal solution, 121 groups of uncertainty level were considered with values of y2°* and ybudget
separately ranging between 0 and 1 with a step size of 0.1. For the SLC bus system, one group of
uncertainty level was used with both parameters y?°* and y?“#9¢t being 0.1 to demonstrate the
tractability of the robust model.

45 Results of the Robust Model

The robust model for the USU campus bus system has 613,265 variables and 934,890 constraints. Since it
is still an MILP problem, a GAMS (Rosenthal, 2012) and CPLEX solver (IBM ILOG, 2009) can be used
to solve it. With a 0.5 percent relative optimality gap, the computation time is about two hours, depending
on the uncertainty level parameters. For instance, when the uncertainty level parameters y2°* and
yPudget gre both 0.1, computation time for the corresponding robust model is 6241 seconds (1 hour 44
minutes, and1 second). Table 4.8 shows the comparison between the results of one robust model with an
uncertainty level of y?°* = 0.1 and y?“499¢t = 1.0 and the results of the deterministic model. To consider
the uncertainty of energy consumption and possible charging time at the level of y?°* = 0.1 and

yPudget = 1.0, the total cost of the DWPT electric bus system will increase from $2,731,724 to
$3,242,080. In the results of the robust model, all four lines require larger batteries than those required in
the deterministic model. The layout of DWPT facilities in the robust model is also different from that of
the deterministic model.

Table 4.10 Comparison between the Deterministic Model and the Robust Model
(Xbox =01 Xbudget =1. 0)

Result — Value
Deterministic model ~ Robust model
Total cost (30 years) $2,731,724 $3,242,080
Red (#1) 55.6 kWh 70.3 kWh
Battery size Green (#2) 21.8 kWh 28.2 kWh
Blue (#3) 32.5 kWh 39.1 kWh
Purple (#4) 45.2 kWh 58.4 kWh
Total battery cost (30 years) $1,861,724 $2,352,080
Number of power transmitters 16 15
Total fixed cost of Power transmitters (30 years) $320,000 $300,000
Total length of power transmitters 2750 m 2950m
Total variable cost of power transmitters (30 years) $550,000 $590,000

Although the robust optimal solution requires greater investments, the corresponding DWPT electric bus
system can operate uninterrupted when energy consumption and possible charging times have deviations
within the uncertainty set. Consider the worst-case scenario, in which all the parameters pertaining to
energy consumption and possible charging times have a 10 percent deviation rate from the expected
value. With the solutions of the deterministic model and the solutions of the robust model, the
corresponding battery level profiles of each bus line can be obtained in one service loop. Figure 4.4 shows
the comparison of the battery level profile of the red (#1) bus line between the deterministic model and
the robust model solutions under the worst-case scenario. It is obvious that, in the worst-case scenario, the
red (#1) line electric bus, under the robust model solution, can operate normally in the given range of the
battery level. In contrast, under the deterministic model solution, the electric bus will use its battery
beyond its given range. Thus, when the worst-case scenario occurs, three issues will arise for the DWPT
electric bus system under the deterministic model solution. First, the battery life will be reduced due to
usage beyond its given range. Second, the electric buses will need more charging time at the base station.
And third, in an extreme case where the deviation of energy consumption and charging time from
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expected values is substantially large, the electric buses may run out of battery power before they return
to the base station.
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Figure 4.7 Comparison of the Battery Level Profile of the Red (#1) Bus Line Between the Deterministic
Model Solution and the Robust Model Solution

In the robust model, the optimal design can be obtained for a DWPT electric bus system that is robust
against the uncertainty of energy consumption and travel time. However, additional investments will be
required when we seek the optimal robust design. For different uncertainty levels of the uncertainty set,
the required cost will also be different. The different total costs of a DWPT electric bus system for 121
groups of different uncertainty levels, which correspond to the values of y?°* and y?%49¢t separately
ranging between 0 and 1 with a step size of 0.1, are shown in the upper three dimensional plots in Figure
4.5. The lower two plots in Figure 4.5 show the same results with two dimensional plots. In the lower-left
plot, the x-axes represent the uncertainty level of the budget uncertainty set, and the y-axes represents the
total cost, with different uncertainty levels of the box uncertainty set given in different curves. In the
lower-right plot, the x-axes represent the uncertainty level of the box uncertainty set, and the y-axes
represents the total cost, with different uncertainty levels of the budget uncertainty set given in different
curves. Based on the three plots in Figure 4.5, we can gain some important insights into the robust
optimal design of a DWPT electric bus system. First, the total cost of a DWPT electric bus system will
increase with the level of robustness, which is represented by the uncertainty level of the box uncertainty
set and that of the budget uncertainty set. Second, when the uncertainty level of the box uncertainty set is
given, as the increase of the uncertainty level of the budget uncertainty set, the total cost will increase at a
decreasing rate. Third, when the uncertainty level of the budget uncertainty set is given, with the increase
of the uncertainty level of the box uncertainty set, the total cost will increase and the increment is almost
linear.
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Figure 4.8 The Total Cost of the DWPT Electric Bus System under Different Uncertainty Levels

In our robust model, the box uncertainty set determines the maximum deviation of each individual
parameter with uncertainty. Thus, the influence of the uncertainty level of the box uncertainty set on the

total cost is almost uniform. The budget uncertainty set in the robust model determines the maximum
proportion of all parameters with uncertainty that can reach the worst-case value. Due to the lack of
uniformity of the parameters with uncertainty, the increment rate of the total cost will decrease with the

uncertainty level of the budget uncertainty set.

The robust model for the SLC bus system can be further solved. The model has 1,267,446 variables (937

binary variables) and 2,101,663 constraints. With a 0.5 percent relative optimality gap, the computation

time for the robust model is 16 hours 1minute and 55 seconds. The total cost for the DWPT electric bus

system is $9,645,869, including the $3,680,000 cost for DWPT facilities and the $5,965,869 cost for 30

years of batteries.
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5. CONCLUDING REMARKS

In this study, the robust planning problem of dynamic wireless charging infrastructure for battery electric
buses is addressed. A MIP model is first formulated to optimize the battery size of each electric bus and
the allocation of DWPT facilities of a DWPT electric bus system. The model is applicable to a general
DWPT electric bus system with several overlapping bus lines. Given the uncertainty in terms of the
energy consumption and travel time of electric buses, robust planning solutions are needed. With the
robust optimization technique, we formulate the robust counterpart of the deterministic model and take
into account the uncertainty of the energy consumption and travel time parameters. The intersection of the
box uncertainty set and the budget uncertainty set is assumed for modeling uncertain energy consumption
and travel time. The concept of ARC is adopted in this model to obtain a less conservative robust model,
and the AARC approach is adopted to derive a tractable reformulation of the robust model. Both the
deterministic and robust models are tested with numerical examples. The results demonstrate that this
deterministic model can effectively solve the planning problem of a DWPT electric bus system with
several overlapping lines, and that the optimal design reduces the battery size and the total cost of the
electric system dramatically. The comparison between the solutions of the deterministic model and those
of the robust model under the worst-case scenario demonstrate that the RO approach provides solutions
that are robust against parameter uncertainties. With different uncertainty levels, the relationship between
the total cost and level of robustness of a DWPT electric bus system are investigated. The results may
help decision makers determine the best trade-off between investments and the level of robustness of a
DWPT electric bus system.

This study focuses on planning a DWPT electric bus system and simplifying actual operation of the
system. In future studies, we will try to develop an integrated optimization framework in which the
strategic and operational planning of a DWPT electric bus system will be considered simultaneously.
Moreover, the strategic and operational planning of battery electric bus systems with fast charging
stations will also be investigated (Liu et al., 2018; Yi et al., 2018 a, b). The application of DWPT
technology in electrifying road freight transportation will also be investigated (Liu and Song, 2018b).

The DWPT electric bus system, which is clean and sustainable, could be widely adopted in the near
future. The proposed modeling framework in this study provides practitioners with an effective tool to
determine the optimal allocation of DWPT facilities and the battery size of each bus line for a DWPT
electric bus system.
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APPENDIX A: PROOF OF PROPOSITION 1

Constraints (66) can be equivalently given by

mac 3> G flnn W)+ ) Vil (V) < HW) (A1)
DreU;,YreUy
(mn)€ELy (mn)€ELy
The uncertainty sets Uz and U2 can be rewritten as the following equivalent conic representation

@y € Up = {@ € R T, + ¢} € WL, T, + t2 € W2}
W, € U = {W, € RIKT3W, + ¢} € W2, T, + tf € Wit}

where Tg @, = [@4; 0], th = [0, 1x1; 1], T Wk = [Wi; 0], t7 = [0, x1; 1] and Wit = W2 =
{[4;p] € R x R|b > Al }; TE®y = [P4; 0], t7 = [0|Lk|x1i Ti|, TeWy = [Wi; 0], 7t = [0|Lk|x1;/\k]
and W2 = Wit = {[4; b] € Rk X R|b > ||All,}. Wi, WZ, W& and W} are all norm cones.

Thus, the left part of inequality (A.1) can be treated as a conic optimization problem (P).

(P) max Z Prmn fkimn(V) + 2 wkmnglicmn(v)
PrmnYkmn
(mn)€ELy (mn)€ELy
s.t.
@y € Ut = {@, € R T, + t]t € WL TED, + t2 € W2

W, € UF = {W¥, € RIEKT3W, + ¢} € W2, T, + tf € Wit}

According to the property of strong duality (Glineur, 2001, Chapter 4, Ben-Tal et al., 2009, Appendix
AZ2), the equivalent dual problem (D) of (P) is given as follows:

@) T T TR w%zlgkmn Ok ©komn rle il i i
s.t.
(2 +0),,,, = Ol + Offn = filmn (V) v(m,n) € L (A.2)
(0 +0i) = wgnn ot =gl (V) v(m,n) € Ly (A3)
[-Qk 'Tk ] e Wi (A.4)
[0 1i2] € w2 (A5)
(05 75] € w2 (A6)
[-Qk Tk] e Wi (A7)
Where tit, ti2, ti3, T4, w,‘}mn, W2, 08, and u)kmnare dual varlables g {w,‘}mn} g =
{0l 12 = 0B} Q8 = ol h W, ,W3*, Wi are the dual cones of

Wi, W2, W2, Wk, respectively.
According to the conic duality theory (Glineur, 2001, Chapter 4 Theorem 4.3), Wl*, W&, W2*, W& are
given as follows

Wi =w2 =wE =wi ={[4;b] € RI™ x R|b > Al }

W2 = Wik = Wi = w2 ={[4;b] € R x R|b > || Allo}
Thus constraints (A.4), (A.5), (A.6), and (A.7) are given as follows:

g, < (A9
2] < (A.9)
logl; < < (A10
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12, < (A11)
Through eliminating variables ti}, ti?, i3, ti#, the dual problem (D) can be reduced to the following
problem (D1).

: i1 i2 i3
@y o min ) ol max o]+ D [of
kmn*PkmnPkmn M kmn (m,n)ELk (m,n)ELk
+ max |wi*
IBk (m,n)ELk| kmnl
S.t.
Wlomn + Okmn = fiemn (V) V(m,n) € L (A.12)
Wionn + Okmn = Jiemn (V) v(m,n) € Ly (A.13)

Essentially, D1 is a linear programming problem. To eliminate the absolute value sign in its objective
function, we introduce an auxiliary variable y:L,,, for each wi},,,, an auxiliary variable y3,,, for each
wi3 ., an auxiliary variable y for vector 2:2 and an auxiliary variable y* for vector 24, problem (D1)
then can be equivalently represented by the following mathematical program (D2).

O L omin D Ve Y Vit Aol

Dpemn Pemn Cemn ComnYkmn 'Yk Vimn 'Yk (mn)€ELy (mn)ELy

s.t.

Olemn + Ofnn = fmn (V) v(m,n) € L (A.14)
Wionn + Okimn = Jiemn (V) v(m,n) € Ly (A.15)
~Yimn < Ofmn < Vimn v(m,n) € Ly (A.16)
—_y,‘cz < a)}'c%n < y}.(z V(m,n) € Ly (A.17)
~Viemn < Okmn < Viemn v(m,n) € Ly (A.18)
—Vi' < Wignn < Vi v(m,n) € Ly (A.19)

Since problem (D2) is equivalent to (P), they will have the same optimal values. Therefore, constraint
(A.1), which requires that the optimal value of (P) is < hj, (V), is equivalent to that the optimal value of
(D2) is achieved and is < hy (V), i.e., the following constraint:

; i1 i2 i3
i1 i2 g DN i Viemn + @kVic + Z Yiemn
Demn PLemn Prkmn CkmnYkmn 'Yk YimnVk (m,n)€ELy (m,n)€ELy (AZO)
i4 i
+ By < hi (V)

where the feasible region of (Wi, W2, O Ok Vitn Y2, Vi YEY) is given by constraints
(A.14)-(A.19). Because (D2) is a minimization problem, constraint (A.20), which requires the optimal
value of (D2) is achieved and is < hL (V), is equivalent to that (D2) has a feasible solution

((‘);clmn' (‘);czmn' (*);cgmn' (D?mn' V}gnn' V}ch' yllc'b;nn' yllc4) with Z(m,n)ELk yllcinn + akyllcz + Z(m,n)ELk yllc'b;nn +
Byt < hL (V). Therefore, based on the above discussions, constraint (66) can be equivalently replaced
by the following system of constraints:
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2 Viemn + @i + 2 Vienn + Bivi" < hie(V)

(mn)€ELy

where w

i1
kmn?

(mn)€ELy
il i2 _ £l
Wrmn + Wgmn = fkmn (V)
i3 i4 R |
(*)kmn + Wkmn = Gkmn (V),

i1

il i1
~Ykmn = WDpmn < V}gmn

Y2 <w
i3
~Yikmn Sw

i2
kmn
i3
kmn

i2

i3
= Vlgmn

i4 i4 i4
Vi = Wkmn <Yk

u){(zmn, u)ifmn and w

i4
kmn

are dual variables; y
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i1
kmn?

V(m,n) € Ly
V(m,n) € L
V(m,n) € L
V(m,n) € Ly
V(m,n) € Ly
V(m,n) € L

(A21)

(A.22)
(A.23)
(A.24)
(A.25)
(A.26)
(A.27)

y{f, y{fmn, and y{f are auxiliary variables.



APPENDIX B: TRACTABLE REFORMULATION OF S-AARC

Each piece of constraints in (62), (63), (64), and (65) in (S-AARC), after being reformulated as the
general form (66), can be equivalently replaced by a system of constraints (67) to (73), which obviously
have finite number of constraints. Thus, the original semi-infinite programming problem (S-AARC),
which is intractable, can be equivalently reformulated as the following tractable programming problem
(S-AARC-T):

iEN {ENS (m,i)€EL {ENS (i, ))EL
+ gbat Z (kelrcnax
keK
s.t.

Yi= z Xij VieN (B.1)

(L)ELf
Vi < 1—2xp Vi € N,V(m, l) € Ll_ (BZ)
— (B.3)

Vi = i Z Xmi Vi € N,V(i,j) € L
(m,)EL;

2 < o Vi€ NS (B.4)

(m,i)eL;
Zi 2 Xmi Vi € NS,V(m, i) € Ly (B.5)
x;; € {0,1} v(i,j) €L (B.6)
y; € {0,1} VieEN (B.7)
z; €{0,1} Vi € N¥ (B.8)
Sp = €, et vk € K,Vi = O} (B.9)

> Vit Y i+ Bl
(mn)ELg (mn)ELy vk € K,V(i,j) € Ly (B.10)
< 6;( — 6]1 — E]{lljc - C]I(lirjl'lte?ax + pfkijxij

w,‘;% + m;?mn = Xemn = Hemn VK €K, V(1)) € L, ¥(m,n) € L, (B.11)
Wij + WG = Ay + 6,{;]’.‘ vk € K,V(i,j) € Ly | (B.12)
Ofinn + O = 0 vk € K,Y(i,) € Ly, V(m,n) € L \L, (B.13)
w,‘f;nn + ch‘*,nn = uimn — Wemn Vk EK,V(i,j) € Ly, V(m,n) € L, (B.14)
a)}fij + w}fl-j = uljdj —plpijxi;  Vk€K,V(i,j) € Ly (B.15)
w}fmn + w}?m =0 Vk € K,Y(i,j) € L, ¥(m,n) € Li\L, (B.16)
m}clmn < y,gnn Vk € K,V(m,n) € Ly, Vi € N, \Oj, (B.17)
~Wignn < Vimn vk € K,¥(m,n) € Ly, Vi € N;\Oj, (B.18)
Wiimn S VK Vk € K,V(m,n) € Ly, Vi € N \O3, (B.19)
~ Wi S VK Vk € K,V(m,n) € Ly, Vi € N \O3, (B.20)
w,‘f;nn < y,‘j,m Vk € K,V(m,n) € Ly, Vi € N, \Oy, (B.21)
—a)}gmn < y}%n Vk € K,V(m,n) € Ly, Vi € N, \Oy, (B.22)
Wimn < Vi Vk € K,V(m,n) € Ly, Vi € N \O3, (B.23)
—wh, <yt vk € K,V¥(m,n) € Ly, Vi € N \Oj, (B.24)
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2 Vionn + axVie + 2 Viemn + Brvie

(mn)€ELy . (m,n)EL'k
<6, -6+l
wllcsmn + wlic6mn = gcmn - A;c.'mn
(‘)Iicsij + (‘)Iiceij = _A{cij - 61{5‘

(*);'cSmn + w%fmn =0
a)?mn + (‘);.c%nn = ﬂ;.cmn - “I]cmn
w?i,- + w;c%j = _M}]cij
W + Olinn = 0
Wienn < Vienn
_(‘);g5111n =< V}L;nn
Wignn < Vi
__wifmn = .ylie
Wigmn < Viemn
_a);gmn = V}Znn
Wi < Vi
_a);gnn =< ylics

YViemn + @Vi® +

(mn)€ELy (mn)€ELy
max __ 5i
k

<e.lef

wllcgmn + wliclrgm = ’ulcmn
(‘);gnn + (‘);.clrgn =0

wliclrrlm + wliclrrzm = Mlicmn
i, +aiiz, =0

i9 i9
Wrmn < Ykmn

_(‘)}c%n = V}Lc%n
@}t < Vi
—offs, <y
Wkmn < Vimn
_(‘);.clnlm = Vlicln%n
ol < v
—ofih, <1t

Viown + vt +

(mn)€ELy (mn)€ELy
lo ,max i

wliclrr3m + wllclr;lm = gcmn
Wi + Olemn = 0
(‘);.clnsm + a);.clrgn = _ﬂ;.cmn
(*);clnsm + (‘);.clrfm =0
Wkmn < Vienn
_w;'clrin = Vlgr?{n
oty <yl
i <7

Vk € K,¥(i,)) € L

unit ,max

+ Crij ek

vk € K,Y(i,j) € Ly, V(m,n) € L,
vk € K,Y(i,j) € Ly

vk € K,¥(i,)) € Ly, V(m,n) € Li\Lj,

vk € K,V(i,j) € Ly, V(m,n) € L},
vk € K,V(i,)) € Ly,

Vk € K,Y(i,)) € L, V(m,n) € Li\L,

Vk € K,V(m,n) € Ly, Vi € N, \Oy,
Vk € K,V(m,n) € Ly, Vi € N, \Oj,
Vk € K,V(m,n) € Ly, Vi € N, \Oj,
Vk € K,V(m,n) € Ly, Vi € N, \Oj,
Vk € K,V(m,n) € Ly, Vi € N, \Oy,
Vk € K,V(m,n) € Ly, Vi € N, \Oj,
Vk € K,V(m,n) € Ly, Vi € N, \Oy,
Vk € K,V(m,n) € Ly, Vi € N, \Oj,

i11 i12
Yikmn + ﬂkuk

vk € K, Vi € Ny,

vk € K,Vi € N, V(m,n) € L,
vk € K,Vi € N, V(m,n) € Ly \L
vk € K,Vi € N, V(m,n) € L,
Vk € K,Vi € N, V(m,n) € Li\Lk,
Vk € K,Vi € N,,,V(m,n) € L
Vk € K,Vi € N, V(m,n) € L,
Vk € K,Vi € N, V(m,n) € L,
Vk € K,Vi € N,,,V(m,n) € L
Vk € K,Vi € N,,,V(m,n) € L
Vk € K,Vi € N, V(m,n) € L,
Vk € K,Vi € N, V(m,n) € L,
Vk € K,Vi € N,,,V(m,n) € L

Vlgrsm + ﬂkyllcle

vk € K,Vi € N, V(m,n) € L,
Vk € K,Vi € Ny, V(m,n) € Li\L,
vk € K,Vi € N, V(m,n) € L,
vk € K,Vi € N, V(m,n) € Li\L,
Vk € K,Vi € N, V(m,n) € L,
Vk € K,Vi € N,,,V(m,n) € L
Vk € K,Vi € N,,,V(m,n) € L
Vk € K,Vi € N, V(m,n) € L,
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Vk € K,Vi € Ny,

(B.25)

(B.26)
(B.27)

(B.28)
(B.29)
(B.30)

(B.31)

(B.32)
(B.33)
(B.34)
(B.35)
(B.36)
(B.37)
(B.38)
(B.39)

(B.40)

(B.41)
(B.42)
(B.43)
(B.44)
(B.45)
(B.46)
(B.47)
(B.48)
(B.49)
(B.50)
(B.51)
(B.52)

(B.53)

(B.54)
(B.55)
(B.56)
(B.57)
(B.58)
(B.59)
(B.60)
(B.61)



wits < yis Vk € K,Vi € Ny, V(m,n) € Ly, (B.62)

~Wignn < Vimn vk € K,Vi € Ny, V(m,n) € Ly (B.63)
Wi < Ve Vk € K,Vi € Ni,V(m,n) € Ly (B.64)
—wib, < yite Vk € K,Vi € N, V(m,n) € Ly (B.65)
e**™* >0 vk €K (B.66)

where the dual variables, ..., @i, ., »2 . and wi} ., auxiliary variables, yit ., vi2, yi3 . and yj*,
and constraints (B.10)-(B.24) correspond to constraints (58) in the original (S-AARC); the dual variables,
wB 0l wl o and wi, | auxiliary variables, yio,.,, vi6, vi7 .., and y2 and constraints (B.25)-

(B.39) correspond constraints (59); the dual variables, wi,,,, @i, will = and wit2,  auxiliary
i11 i12

variables, £, vi0, yilt and yi'?, and constraints (B.40)-(B.52) correspond the original constraints
(60); and the dual variables, wil3 = wilt 5 and wil6 , auxiliary variables, /13 yit4, yil> and

yite, and constraints (B.53)-(B.65) correspond the original constraints (61).

37



